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Abstract

In this thesis we study the Selberg and Ruelle zeta functions on compact ori-
ented hyperbolic manifolds X of odd dimension d. These are dynamical zeta
functions associated with the geodesic flow on the unite sphere bundle S(X).

Throughout this thesis we identify X with ['\G /K, where G = SO°(d, 1), K =
SO(d) and I is a discrete torsion-free cocompact subgroup of G. Let G = KAN
be the Iwasawa decomposition with respect to K. Let M be the centralizer of A
in K.

For an irreducible representation o of M and a finite dimensional representation
x of T', we define the Selberg zeta function Z(s; 0, x) and the Ruelle zeta function
R(s;0,x). We prove that they converge in some half-plane Re(s) > ¢ and admit
a meromorphic continuation to the whole complex plane. We also describe the
singularities of the Selberg zeta function in terms of the discrete spectrum of
certain differential operators on X. Furthermore, we provide functional equations
relating their values at s with those at —s. The main tool that we use is the
Selberg trace formula for non-unitary twists. We generalize results of Bunke and
Olbrich to the case of non-unitary representations y of I'.
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Introduction

This thesis deals with the dynamical zeta functions of Selberg and Ruelle, defined
in terms of the geodesic flow on the unit sphere bundle of a compact oriented
hyperbolic manifold of odd dimension. In [GLP13|, the Ruelle zeta function has
been defined for an Anosov flow on a smooth compact riemannian manifold.

The Ruelle zeta function associated with the geodesic flow on the unit sphere
bundle of a closed manifold with C* riemannian metric of negative curvature has
been studied by Fried in [Fri95]. It is defined by

R(s) = [[(1 - e ),

v

where 7 runs over all the prime closed geodesics and [(vy) denotes the length of
7. Futher In [Fri95, Corollary, p.180], it is proved that it admits a meromorphic
continuation to the whole complex plane. In our case, where X = I'\H¢, the
dynamical zeta functions are twisted by a representation y of I'. They are defined
in terms of the lengths of the closed geodesics, also called length spectrum.

We begin by giving a short introduction to our algebraic and geometric setting.
For all the details, we refer to Chapter 1. For d € N, d = 2n + 1, we let G =
S0%d, 1) and K = SO(d). Let X = G/K. X can be equipped with a G-invariant
metric, which is unique up to scaling and is of constant negative curvature. If we
normalize this metric such that it has constant curvature —1, then X, equipped
with this metric, is isometric to H?. Let I' C G be a discrete torsion-free subgroup
such that I'\G is compact. Then I' acts by isometries on X and X = I'\X is a
compact oriented hyperbolic manifold of dimension d. Note that G has real rank
1. This means that in the Iwasawa decomposition G = K AN, A is a multiplicative
torus of dimension 1, i.e., A = R*.

The Ruelle and Selberg zeta functions are defined as follows. For a given v € '
we denote by [v] the I'-conjugacy class of 7y. The conjugacy class [v] is called prime
if there exist no &k > 1 and vy € I such that v = ~§. If v # e, then there is a
unique closed geodesic ¢, associated with [y]. Let [(v) denote the length of c,.
We associate to every prime conjugacy class [y] the so called prime geodesic. Let
M be the centralizer of A in K. Let also g, n and a be the Lie algebras of G, N



and A correspondingly. Let g = p & € be the Cartan decomposition of g. There
is an isomorphism p = T,x X. We denote by M the set of equivalence classes of
irreducible unitary representations of M. Let H € a be of norm 1 and positive
with respect to the choice of N. Then, for every v € I' — {e} there exist g € G,
a, = expl(y)H € A, and m, € M such that gyg~' = m,a.,, where a., depends
only on 7 and m, is unique up to conjugation in M (|Wal76, Lemma 6.6]). We
define the zeta functions depending on representations of M and T'.

Definition A. Let x: I' — GL(V,) be a finite dimensional representation of T

Let o € M. Then, the twisted Selberg zeta function Z(s;o,x) is defined by the
infinite product

Z(s;0,%) H Hdet (Id (7) ® U(mv) ® Sk(Ad(mvav)ﬁ))e*(SHP')l(V)),

[Vl#e, k=0
[v] prime

where s € C, T = On is the sum of the negative root spaces of a and S*(Ad(m-a,)z)
denotes the k-th symmetric power of the adjoint map Ad(m,a.) restricted to n.

Definition B. Let x: I' = GL(V,) be a finite dimensional representation of T

Let o € M. Then, the twisted Ruelle zeta function R(s;o,x) is defined by the
infinite product

R(s;0,x) H det(Id —x(v) ® o(m,)e sl (=1
[y]#e
] prime

For unitary representations x of I', these zeta functions have been studied by
Fried ([Fri86]) and Bunke and Olbrich (|[BO95]). However, for the applications (cf.
[Miil12b]), it is important to have results available for general finite dimensional
representations.

In Fried (|Fri86]) the zeta functions have been studied explicitly for a closed ori-
ented hyperbolic manifold X of dimension d. He considers the standard represen-
tation of M = SO(d—1) on AJC?~! and an orthogonal representation p: I' — O(m)
of I'. Using the Selberg trace formula for the heat operator e ', where A, is the
Hodge Laplacian on j-forms on X, he managed to prove the meromorphic contin-
uation of the zeta functions to the whole complex plane C, as well as functional
equations for the Selberg zeta function ([Fri86, p.531-532|). He proved also the
following theorem, in the case of d = dim(X) being odd and p acyclic, i.e. the
twisted cohomology groups H*(X; p) vanish for all j.

Theorem ([Fri86, Theorem 1]). Let X = T'\ H¢ be a compact oriented hyperbolic
manifold of odd dimension. Assume that p: T' — O(m) is acyclic. Then, the



Ruelle zeta function

[T detd—p(y)e),
[v]#e,
[v] prime
which converges for Re(s) > d — 1, admits a meromorphic extension to C. It is
holomorphic at s =0 and for e = (—1)%!

[R(05 p)°| = T (p)?,
where Tx(p) is the Ray-Singer analytic torsion defined in [RS71].

This theorem is of interest, since it connects the Ruelle zeta function evaluated
at zero with the analytic torsion under certain assumptions.

Question 1. How can one generalize these results for a non-unitary representation
of I' in the case of a compact hyperbolic odd dimensional manifold?

Wotzke dealt with this conjecture in his thesis (|[Wot08]). More specifically,
he considered a finite dimensional complex representation 7 : G — GL(V) of G
and its restrictions 7|k and 7|r to K and T, respectively. By [MM63, Proposition
3.1], there exists an isomorphism between the locally homogenous vector bundle
E; over X associated with 7| and the flat vector bundle Ey; over X associated
with 7|r, i.e.

I\(G/K x V)= (I'\G x V)/K. (1)

Then, by [MM63, Lemma 3.1|, there exists a hermitian inner product on V', which
is unique up to scaling and, in particular, is skew-symmetric with respect to €.
Hence, it defines a fiber metric in E,, which by (1) descends to a fiber metric in
Ey. He considered the Hodge-Laplace operator A,(7) acting on r-forms on X
with values in Ey. Using again the isomorphism (1), he considered the Hodge-
Laplace operator acting on (C*°(T'\G) ® APp* @ V)¥. He proved the meromorphic
continuation of the Selberg zeta function using the Selberg trace formula for the
operator e *A7(") (specifically he considered the function Z o(=1)"r Tr(e7t4r()
and the connection of the logarithmic derivative of the Selberg zeta function to the
hyperbolic contribution in the trace formula. As a generalization of the equation
(RS) in Fried (|Fri86, p.532|), he proved a product formula, which expresses the
Ruelle zeta function as product of Selberg zeta functions with shifted origins:

Rsi7lr) = [T 205+ Ar(w); vy (w)) 0, 2)
weWl

where W is a subgroup of the Weyl group Wg, A\, (w) is a number defined by the
action of the Weyl group W' on the highest weight of 7 and v, (w) is an irreducible



representation of M associated with 7 (cf. [Wot08, p.40]). Hence, by (2), Wotzke
obtained the meromorphic continuation of the Ruelle zeta function. Further, as a
generalization of equation (14) in Fried (|Fri86, p.535]), he proved a determinant
formula that connects the Selberg zeta function and the regularized determinant
of certain Laplace-type operators A(w) associated to the representation v, (w):

S(s;w) = dety(A(w) — A (w)? + 5%) exp ( — 27 Vol(X) /OS P(\; w)d)\>,

where S(z;w) denotes the symmetrized zeta function (cf. equation (4)) and
P(X\;w) denotes the Plancherel polynomial. With the additional assumption that
T # Ty, where 7y = 7 0 § and 6 denotes the Cartan involution of G, the following
theorem was proved.

Theorem (|Wot08, Theorem 8.13|). Let 7 # 79. Then the Ruelle zeta function
R(s;7|r) is reqular at s = 0 and

[R(0;7Ir)| = T (7]r)*.

Question 2. How can one generalize these results for an arbitrary non-unitary
representation of I'?

In our case, we consider an arbitrary finite dimensional representation x: I' —
GL(V,) of I'. Our approach to the problem of proving the meromorphic continu-
ation and functional equations for both the Selberg and Ruelle zeta functions is
different from the method of Wotzke, since we consider an arbitrary representation
of T" and can not apply the isomorphism (1).

Our results can be viewed as a generalization of the results in the book of Bunke
and Olbrich (|[BO95|). Again, since we consider a non-unitary representation of
I' we have to deal with several problems and consider additional theory to solve
them.

First, the convergence of the zeta functions in some half plane is not trivial.
We use the word metric on I' to prove the following propositions.

Proposition C. Let x: I' = GL(V,) be a finite dimensional representation of I.
Then, there exists a constant ¢ > 0 such that

Z(sio,x) = [[ J[detid—(x(v) ® o(m,) ® S*(Ad(mya, )s))e10)

[v]#e, k=0
[y] prime

converges absolutely and uniformly on compact subsets of the half-plane Re(s) > c.



Proposition D. Let x : I' = GL(V,) be a finite dimensional representation of I.
Then, there exists a constant ¢ > 0 such that

R(s;0,x) H det(Id —x(v) ® a(m )’Sl(”)(’l)d_l.

[vl#e
[v] prime

converges absolutely and uniformly on compact subsets of the half-plane Re(s) > c.

Secondly, if we consider an arbitrary representation x of I', there is no hermitian
metric on the associated flat vector bundle F, = X x, V, — X which is compatible
with the flat connection. In order to overcome this problem we use the concept of
the flat Laplacian (cf. Chapter 4, Sections 4.1, and 4.2). This operator was first
introduced by Miiller in [Miill11]. We give here a short description of this operator.

Let 7: K — GL(V;) be a complex finite dimensional unitary representation
of K. Let ET =G x, V., - X be the associated homogenous vector bundle
over X. Let E, := I'\(G x, V;) — X be the locally homogenous vector bundle
over X. Let A, be the Bochner-Laplace operator associated with the canonical
connection on E. (cf. Chapter 4, Section 4.2). We define the operator Aﬁﬂx acting
on C*(X,E, ® E,) as follows. Locally, with respect to any basis of flat sections,
the operator takes the form

A=A ®1dy, (3)

where ﬁ?rx and A, are the lifts to X of A? and A, respectively.

Contrary to the settings of Wotzke and Bunke and Olbrich, our operator is
not self-adjoint. However, it still has nice spectral properties, i.e., the spectrum
of Aﬁw is a discrete subset of a positive cone in C (as in Figure A.1, Appendix
A). We consider the corresponding heat semi-group e tA%x acting on the space
of smooth sections of the vector bundle F; ® FE,. It is an integral operator with

smooth kernel H/* € C*(X, (E, ® E,) ® (E; ® E,)*), which can be expressed as

H X (x,y) = ZHTxfy@@X( ) Idy,,

vyel

where z,y are lifts of =,y to X respectlvely, and H/ is the kernel of e ~tA- Note
that H belongs to the space C®(X x X, E, R E?). Since H (%, ) is G-invariant,
it corresponds to a convolution operator, given by a kernel

H: G — End(V,).

This kernel belongs to the space (C4(G) ® End(V,))X*K for t > 0, where C¥(G)
denotes the Harish-Chandra L?-Schwartz space for every ¢ > 0 (cf. Section 3.2 for



the definition of this space).
Hence, we can consider the trace of the operator e~tA%x and derive a corresponding

trace formula. By [Miilll, Proposition 4.1], we have the following proposition.

Proposition E (Selberg trace formula for non-unitary representations). Let E be
a flat vector bundle over X = I‘\)N( associated with a finite dimensional complex
representation x: I' — GL(Vy) of I'. Let Aﬂ be the twisted Bochner-Laplace
operator acting on C*(X, E, ® E, ). Then,

(%) =3 tr x(y /\ tr H7 (9~ vg)dg.
NG

yerl

In fact, we use specific twisted Bochner-Laplace-type operators A® ( ), induced
by Af . These operators are defined as follows. We already assomated the Selberg
and Ruelle zeta functions with irreducible representations o of M. These repre-
sentations are chosen precisely to be the representations arising from restrictions
of representations of K. Let i* : R(K) — R(M) be the pullback of the embedding
i M — K, where R(K), R(M) denote the representation rings over Z of K
and M, respectively. Throughout this thesis, we will distinguish the following two
cases:

e case (a): o is invariant under the action of the restricted Weyl group Wa.

e case (b): o is not invariant under the action of the restricted Weyl group

Wy.

The trace formulas, the results concerning the meromorphic continuation of the
zeta functions and the functional equations will be derived under this distinction.
In case (b), we consider the symmetrized zeta function

S(s;0,x) = Z(s;0,x)Z(ws; 0, x), (4)
the super Selberg zeta function
Z(s;0,X)
Z5(s; =
(87 0-7 X) Z(S; w0_7 X)’
and the super Ruelle zeta function
R(s;0,x)
R*(s; =
(87 0—7 X) R(s; wa, X)?

where w is a non-trivial element of the restricted Weyl group Wy.

In both cases we construct a graded vector bundle F (o) over X in the following
way. By [BO95, Proposition 1.1], we know that there exist unique integers m. (o) €
{—1,0, 1}, which are equal to zero except for finitely many 7 € K , such that for



e case (a)

o =Y m(0)i*(7); (5)

e case(b)

o+ wo =Y m.(0)i*(7). (6)

TEI?

Then, the locally homogeneous vector bundle E(o) associated with 7 is defined as

E)= @ E. (7)

ek
my(0)#0

where F. is the locally homogeneous vector bundle associated with 7 € K. Using
the sign of m, (o), we obtain a grading E(0) = FE(o)* @& E(0)~ on the vector
bundle E(c) (cf. Section 4.3 for further details).

We consider the operator A, := —R(2) on C*(X, E.), induced by the Casimir
element ) . We define the operator Aﬁﬂx in a similar way as the twisted Bochner-
Laplace operator AL in (3). Namely,

A=A, ®1dy,,

where A% _ A, denote the lifts to X of A A, respectively. We define the oper-

T,X’ T,X’
ator A% (o) acting on smooth sections of E(o) ® E, by

Ai(a) = @ Aﬁ}x + c(o),

m-(0)#0
where ¢(0) is a number defined by the highest weight of o.
Theorem F (trace formula for the operator e_tAi(”)). For every o € M we have

e case(a)

Tr(e-5)) = dim(V}) Vol(X) / e P (iA)dA
R
-l /4t

w,
* 2 oy P ) (g
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e case(b)
Tr(e %) =2 dim (V) Vol(X) / e~ P, (iA)d\
R
l(’}/) 671(7)2/475
— = Lsym(7; TTERTR
+ 2 Gy Lm0 00 G
[v]#e
where

-y tr(a(my) ® x(7))e )
Loym(yi0) = det(Id — Ad(m,a)m)

Next, we define the twisted Dirac operator D% (o) acting on O (X, E; ()@ Ey).

We let K = Spin(d), s be the spin representation of K and 7(0) € K (cf. Section
5.1). E. () denotes the locally homogenous vector bundle over X, associated with
75(0) == s ® 7(0). Locally, with respect to any basis of flat sections, the operator
takes the form

Di(0) = D(0) ® Idy,,

where 5&(0),5(0) are the lifts to X of Di(0), D(0), respectively, and D(0) is
the Dirac operator associated with the representation 7(o) of K. We consider the
trace class operator Di (U)67t(D§((U))2 and derive a corresponding trace-formula.

Theorem G (trace formula for the operator Di(a)e*t(Di("))Q). For every o € M
we have

Tr(Di(U>€—t(D§((a))2) _ Z —2mi () tr(x(y) ® (a(m,) — wo‘(m’y»e—lz(y)/z;t‘

2 (Amtyr nr(1)D()

We define the operators R(s?) := ((O) + s7)!, s; € C — spec(0), where O =
Al (o) or Di(0). Let N € N. We use the generalized resolvent identity (Lemma
6.1, Section 6.1):

The trace formulas in Theorem F and Theorem G together with this identity will
be the main tools to prove our results. The proofs of the meromorphic continuation
of the zeta functions are based on the fact that if we insert the right hand side
of the trace formulas for the operators P, = e t4%(@) op Di(o)e_t(’:’i("))2 in the

integral
o N N )
[ ()
0 =1 55 7 S

j=1 7
J#i
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then the integral that includes the term of the hyperbolic contribution, arising
from the trace formula for P;, is related to

e case (a) Llog Z(s;o,x), if P, = e~ tA%(0)

e case (b) LlogS(s;o,x), if P = e~ and Llog Z*(s;0,x), if P =
D! (o)e~tDX@)?,

We state our main results. In Theorems H and I, we choose the branch of the
square roots of the complex numbers ¢, and uyg, respectively, whose real part is
positive. In addition, if ¢; and p; are negative real numbers, we choose the branch
of the square roots, whose imaginary part is positive.

Meromorphic continuation of the Selberg zeta function

e case (a)

Theorem H. The Selberg zeta function Z(s;o,x) admits a meromorphic
continuation to the whole complex plane C. The set of the singularities equals
{sf =4i/ly : ty € spec(AL(0)),k € N}. The orders of the singularities are
equal to m(ty), where m(ty) € N denotes the algebraic multiplicity of the
eigenvalue ty,. For tg =0, the order of the singularity so is equal to 2m(0).

e case (b)

Theorem 1. The symmetrized zeta function S(s; 0, x) admits a meromorphic
continuation to the whole complex plane C. The set of the singularities equals
{si = Liy/m : . € spec(AL(0)),k € N}. The orders of the singularities
are equal to m(py), where m(ug) € N denotes the algebraic multiplicity of the
eigenvalue py. For pg =0, the order of the singularity sy is equal to 2m(0).

Theorem J. The super zeta function Z°(s;o,x) admits a meromorphic
continuation to the whole complex plane C. The singularities are located
at {sf = +i\, : M\ € spec(Di(0)),k € N} of order £mg(\y), where
ms(Ax) = m(Ag) —m(—=Xg) € N and m()\) denotes the algebraic multiplicity
of the eigenvalue \y.

Theorem K. The Selberg zeta function Z(s;o,x) admits a meromorphic
continuation to the whole complex plane C. The set of the singularities equals
to {sif = il 1 A\, € spec(D%(0)),k € N}. The orders of the singularities
are equal to 1(£ms(Ay) +m(A;)). For Ao =0, the order of the singularity is
equal to m(0).
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Meromorphic continuation of the Ruelle zeta function

Theorem L. For every o € M, the Ruelle zeta function R(s;o,x) admits a
meromorphic continuation to the whole complex plane C.

Functional equations

e case (a)

Theorem M. The Selberg zeta function Z(s;o,x) satisfies the functional
equation

Z(s;0,X)

Tsiond exp ( — 47 dim(V, ) Vol(X) /0 s Pg(r)dr),

where P, denotes the Plancherel polynomial associated with o € M.

e case (b)

Theorem N. The symmetrized zeta function S(s;o,x) satisfies the func-
tional equation

S(s;0,x)

S — e ( — 8 dim(V,) Vol(X) /0 S Pg(r)dr),

where P, denotes the Plancherel polynomial associated with o € M.

Theorem O. The super zeta function Z*(s,o,x) satisfies the functional
equation

Z%(s;0,x) 2% (—s;0,x) = 627“77(0717&(0))7

where 1(0, D% (o)) denotes the eta invariant associated with the Dirac oper-
ator D (o). Furthermore,

Z5(0; 0, y) = em‘n(O,Dg((o)).

Theorem P. The Ruelle zeta function satisfies the functional equation

R(s;0,x)

R(—s;0,Y) = exp ( —4n(d + 1) dim(V,) dim(V,) Vol(X)S). (8)
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Theorem Q. The super Ruelle zeta function, associated with a non- Weyl invariant
representation o € M, satisfies the functional equation

RS(S; o, X)Rs(—S, o, X) 217r77(D (o‘®0'p))’ (9)

where o, denotes the p-th exterior power of the standard representation of M, and
n(Di(o ® 0,)) the eta invariant of the twisted Dirac-operator D% (o @ 0y).
Moreover, the following equation holds:

R(s;0,x)

m = 6i7m(D§((o—®Up)) exp ( - 47T(d + 1) dlm(Vg) dlm(VX) VOI(X)S) . (10)

This thesis is organized as follows. In Chapter 1, we provide the basic set up,
which is needed, concerning the compact hyperbolic odd dimensional manifolds.

In Chapter 2, we introduce the twisted Ruelle and Selberg zeta functions asso-
ciated with an arbitrary finite dimensional representation y of I' and o € M. We
prove the convergence of the zeta functions on some half-plane of C.

Chapter 3 describes the trace formula for integral operators for all locally sym-
metric spaces of real rank 1. The trace formula which we will derive is

Tr Rr(h) = dim(V}, )Vol(X)h( )—I—

[v]#e UEM

In Chapter 4, we study the twisted Bochner-Laplace operator Aﬁnx associated
to a complex finite dimensional unitary representation 7 of K and a complex
finite dimensional non-unitary representation of I'. We define the operator Ai(a)
induced by A% (o). In the proof of Theorem F, we use formula (11) but now x is
a non-unitary representation of I'.

Chapter 5 deals with the twisted Dirac operator Di(a) associated to a rep-
resentation 75(o) € K and an arbitrary representation y of I'. We derive the
corresponding trace formula for the operator Di(a)e‘twi(”))?. Furthermore, we
define the eta function 7(s, D%(0)) of the operator D! (), and we prove the fol-
lowing equation

n(s,Diw)):m(s,Di(a)H@ /OOOTr<H+D§L<a> OROR )y, (12)

where I, is the projection on the span of the root spaces corresponding to eigen-
values X with Re(A?) > 0, and 1(s, D%(0)) is defined by

Mo (s, Dﬁ A% — A8,
Z )

Re()\2)<0 Re(A2)<0
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(cf. Lemma 5.5). This relation is not a trivial fact, since the twisted Dirac operator
D)ﬁ((a) is not a self-adjoint operator, and therefore its spectrum does not consist
of real eigenvalues. Hence, one cannot directly apply the Mellin transform to the
function g(t) := Tr(D%(0)e (D@ )*). We will use equation (12) in the proof of the
functional equations of the super zeta function Z?(s; o, x), where the eta invariant
1(0, Di(0)) of D% (o) occurs.

The meromorphic continuation of the zeta functions and their functional equa-
tions, as they are stated in Theorems H-Q, are the focus of Chapters 6 and 7.
In order to prove the meromorphic continuation of the Ruelle zeta function, we
prove the representation of the Ruelle zeta function as a product of Selberg zeta
functions with twisted origins (cf. Proposition 6.10). For o € M we define

Zy(s;0,%) H Z(s+p—X1,R0,x). (13)
(wpz )EJP

Then,

R(s;0,X) HZ (570, %) V" (14)

This expression of the Ruelle zeta function will be used to derive also its functional
equations (8), (9), and (10).

In Chapter 8, we define the generalized zeta function ((z, s; o) associated with
the operator A% (0):

1 o0
C(Z’ S; U) = TZ) /0 6—t52 Tr e_tAgc(U)tZ_ldt,

for Re(s?) > 0, Re()\;) > 0, as well as the regularized determinant of the operator
Al (o) + 2
zO) .

We prove the determinant formula, which relates the Selberg zeta function to the
regularized determinant of the operator A% (o) + s°.

det(Ai(J) + 5%) := exp ( - C%C(z, 8;0)

Theorem R. Let det(Agc(U) + s%) be the regularized determinant associated to the
operator A% (o) + s*. Then

1. case(a) the Selberg zeta function has the representation

Z(s;0,x) = det(Ai(U) + %) exp ( — 2 dim(V,) Vol(X) /08 Pa(t)dt). (15)
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2. case(b) the symmetrized zeta function has the representation
S(s;o,x) = det(Ai(a) + 5%) exp ( — 4w dim(V}) Vol(X)/ Pg(t)dt>. (16)
0

We also a prove a determinant formula for the Ruelle zeta function.
Proposition S. The Ruelle zeta function has the representation

e case (a)

d
R(s;o,x) = Hdet(Ai(ap ®@o)+(s+p— )\)2)(71)1)

p=0

exp ( —2n(d + 1) dim(V,,) dim(V},) Vol(X)s) : (17)

e case (b)

1)?

d
R(s;0,\)R(s; w0, x) =[] det(AL (0, ® 0) + (s + p— N)A)

p=0

exp ( —4n(d+ 1) dim(V}) dim(V};) Vol(X)s) . (18)

In Chapter 9, we discuss how we want to approach the answer to Question
2, i.e., the generalization of Wotzke’s theorem for an arbitrary representation yx
of I We consider the flat Laplacian Agép acting on p-differential forms on X
with values in the flat vector bundle E,. We follow [BK05| to define the complex
valued analytic torsion T°(x; Ey) associated with A? . We want to relate the
analytic torsion TC(x; E,) to the Ruelle zeta function evaluated at 0. We mention
the main problems in proving this conjecture. Specifically, the flat Laplacian
is not a self-adjoint operator and this causes several problems. We consider an
acyclic representation y of I', but we can not apply the Hodge theory to relate
the cohomology groups H?(X; E,) to the kernels H?(X, E,) = ker(A,,), for
p=0....,d,ie.

HP(X; E,) 2 HP(X,E,).

Hence, the regularity of the Ruelle zeta function at zero can not be implied.
Last, we include two appendices. In Appendix A, we recall the spectral proper-

ties of general elliptic differential operators and define the corresponding spectral

(-functions and regularized determinants as well. Next, we define the operators
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Di(o) and Agc(cr) in view of the previous general setting and examine their spectral
properties. Our main sources are [Shu87| and [BKO0S|.

Appendix B gives a more detailed introduction into the basic theory and con-
structions, concerning the heat equation on a compact riemannian manifold X
(without boundary). Appendix B is taken from [Miill2al. It contains detailed
proofs of the analytic properties of the heat operator e7**, induced by an elliptic
self-adjoint positive differential operator A.
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CHAPTER

Preliminaries

1.1 Compact hyperbolic odd dimensional manifolds

In this section we will fix notation and give the definitions, which are needed to
study the compact hyperbolic odd dimensional manifolds.

Let G = Spin(d, 1) and K = Spin(d) or G = SO%(d,1) and K = SO(d), for
d=2n+1,n € N. Then, K is a maximal compact subgroup of G. Let g, ¢ be
the Lie algebras of G and K, respectively. We denote by © the Cartan involution
of G and @ the differential of ©® at e = e, the identity element of G. It holds
6? = Id,. Hence, there exist subspaces p and € of g, such that p is the eigenspace
for the (—1)-eigenvalue and ¢ is the eigenspace for the (+1)-eigenvalue of 6. The
Cartan decomposition of g is given by

g=tdp. (1.1)
We have
eegCe [epCp, [ppCEL

Let a be a Cartan subalgebra of p, i.e. a maximal abelian subalgebra of p. We
consider the subgroup A of G with Lie algebra a. Let M be the centralizer of A
in K. Then, Then M = Spin(d — 1) or SO(d — 1). Let m be its Lie algebra. Let b
be a Cartan subalgebra of m and h a Cartan subalgebra of g.

We consider the complexifications

gc:=gDig
be :=bh Db

mc ;= m@m.

19
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We want to use the theorem of the highest weight for the groups K and M. We
recall here some basic facts from the representation theory of compact reductive
Lie groups.

Let (®,V) be a finite dimensional complex representation of a compact linear
connected reductive group X, with Lie algebra g«. By [Kna86, Proposition 1.6,
we can regard ¢ as unitary. Let ¢ be the differential of ® at e. Then, ¢(Y)
is skew symmetric for every Y € gx. Let j be a Cartan subalgebra of gy. Let
(H;),i = 1,...,N be a basis for j. The matrices ¢(H;) are diagonalizable with
imaginary eigenvalues, and since H; commute with each other, so do ¢(H;). Hence,
there exists a simultaneous eigenspace decomposition of V' under ¢(H;), which
can be extended to an eigenspace decomposition under ¢(jc), where jc is the
complexified algebra of j (with real eigenvalues).

Definition 1.1. A weight A\(H) € (jc)* of the representation ¢ is a linear func-
tional on j¢ such that

where v € V' with v # 0.
A weight space V), is a subspace of V', which is an eigenspace for the eigenvalue
ANH), ie.

Vii={veV:¢(H)v=ANH)v,VH € jc}.

The weight space decomposition is a decomposition of V', given by the finite sum

over the weights
V=
A

Let (gx)c be the complexification of gx. We define the trace form on (gx)c X
(gx)c by Bo(Xi, X3) := Tr(X;X3). It is a complex-valued symmetric bilinear
form. We define an inner product (-,-) on (ijc)* by

<)\1,)\2> = BO(H)\l,H)\Q) = )\1(H)\2) = )\g(H)\l). (12)

Definition 1.2. We call root a non zero weight « for the representation ¢ = ad :
(gx)c — gl(gx). The corresponding root space decomposition is given by

(gx)c=(gx)o ® > (9x)a;
aeA((gx)csic)
where A((gx)c,ic) denotes the set of roots for the adjoint representation of (gx)c.

Definition 1.3. Let (Hy,...,Hy) be a basis for 7). We say that o € (jc)" is
positive if it is real on ¢j and o = a(H;) > 0, where s = 1,...,r, and o(H;) =0
forall j=1,....,r— 1.
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We write a > 0 for a positive root «, and aq > as, if a3 — as > 0. We denote
the set of the positive roots by AT ((gx)c,ic)-

Theorem 1.4 (The theorem of highest weight). Let K be a compact linear con-
nected reductive group. Apart from equivalence, the irreducible representations ®
of X stand in one-to-one correspondence with the highest weights A € (jc)* (largest
weight in the ordering) of ®,.

Proof. See [Kna86, Theorem 4.28]. O

We turn now to the case, where G = Spin(d, 1), g denotes its Lie algebra, and

p and a are as in the beginning of this section. Let (X, X5) be the inner product
on g X g, defined by

(Xl, X2> = —Re(Bo(Xl, HXQ)) (13)

The adjoint operator ad(p) is a symmetric operator on g with respect to the
inner product (1.2). Hence, if we restrict ad to a, we get a commuting family of
symmetric transformations on g, which can be simultaneously diagonalized. Let
A(g,a), AT(g,a) C A(g,a) be the sets of the restricted, respectively, positive
restricted roots of the system (g, a). We define

n:.= @ ax-

AEAT(g,a)

Proposition 1.5. Let g be the Lie algebra of G. Then, g decomposes as
g=tBadn,

where a in an abelian subalgebra, n is nilpotent, adn is solvable, and [adn, aPn] =
n.

Proof. See [Kna86, Proposition 5.10]. O

Theorem 1.6 (Iwasawa decomposition of the Lie group G). Let A and N be the
analytic subgroups of G with Lie algebras a andn. Then, A, N, and AN are simply
connected closed subgroups of G, and the multiplication map K x A x N — G,
given by (k,a,n) — kan, is a diffeomorphism onto.

Proof. See [Kna86, Theorem 5.12]. O

Let C(X,Y) := Re(Bo(X,Y)) be the real part of the trace form on g x g.
We choose a basis (X;) for g and set ¢;; = C(X;,X;). Then, since C(-,-) is
a non-degenerate form, the matrix C' := (¢;;) is non-singular. We denote the
inverse matrix of C' by C™' = (¢¥) := (¢;;)~'. We put XV = Y ¢ X;, so that
X; =3 ¢;;X?. Let U(gc) be the universal enveloping algebra of gc.



22 CHAPTER 1. PRELIMINARIES

Definition 1.7. We define the Casimir element Q2 € U(gc) by
Q=) X'X7.
1,J

Proposition 1.8. The Casimir element Q is independent of the basis (X;). Fur-
thermore, it satisfies Ad(g)2 = Q for all g € G and hence is in the center Z(gc)

of U(gc)-
Proof. This is proved in [Kna86, Proposition 8.6]. O

Let (-, ) be the inner product on g, defined by (1.3). Let (X;) be an orthonormal
basis of p and (Y;) an orthonormal basis of €, with respect to this inner product.
By Definition 1.7 we have

Q=2 X1-2.%)
i J
=2V
J

Here Q2 denotes the Casimir element, which corresponds to the restriction (-, -) |exe.
It lies in the center Z () of the universal enveloping algebra U() of €.

If we consider a finite dimensional unitary irreducible representation (7, V;) of
K, then, since Q2 € Z(¢), Schur’s Lemma (cf. [Kna86, Proposition 1.5]) assures us
that 7(Q2k) acts by a scalar A., called the Casimir eigenvalue of 7. Then,

T(Qx) = A 1dy. .
The group SO°(d, 1) acts transitively on the hyperbolic space:
H = {(z1,...,70401) ERM™ 12 — 23 ... — 23, = 1,2, >0},

The stabilizer of the point (1,0,...,0) is SO(d), which is a maximal compact
subgroup of SO°(d,1). G and K are the universal covering groups of SO"(d, 1)
and SO(d), respectively. We set

X :=G/K.

Let T.x X be the tangent space of X at eK € X. There is a canonical isomorphism
T.xX = p.

Let B(X,Y) be the Killing form on g x g defined by

B(X,Y) = Tr(ad(X) o ad(Y)).
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It is a symmetric bilinear from. We consider the inner product (-, -)o, induced by
the Killing form

1

(Y1, Ya)o := mB(Ysz), Yi,Y> €. (1.4)
The restriction of (-, )¢ to p satisfies
(Ad(R)(Y2), Ad(K)(Ya))o = (1. Yoo, ViYsepheK  (L5)

We consider now the left translation L,(z) = gz,g9 € G,z € X. We define a
riemannian metric on X by the inner product

(X1, Xs) = (dLy1(X1),dL,1(X2))o, X1, X5 € T,X. (1.6)

By (1.5) the right hand side of (1.6) is independent of the chosen representative of
the coset gK. Therefore, the riemannian metric is G-invariant. Then,

X =~ H
Let I' C G be a discrete torsion-free cocompact subgroup of GG. Then,
X =DN\G/K =T\X

is a compact hyperbolic manifold of dimension d, with universal covering X. We
equip X with the riemannian metric, induced by the inner product (1.4). Then,
X has constant negative sectional curvature —1.

Let A™(g,a) be the set of positive roots of the system (g, a). Then, A (g,a) =
{a}. Let M’ = Normg(A). We define the restricted Weyl group (analytically) as
the quotient

WA =M ! / M.

Then, W4 has order 2.
Let Hg € a such that a(Hg) = 1. With respect to the inner product (1.3), Hg has
norm 1. We define

AT = {exp(tHg) : t € RT}. (1.7)

We define also
1 }
pi=3 Z dim(g,)a, (1.8)

aEAT(g,a)

Pm = % Z a. (1.9)

acAt (m((:vb)
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The inclusion i: M — K induces the restriction map i*: R(K) — R(M), where
R(K), R(M) are the representation rings over Z of K and M, respectively. Let

K , M be the sets of equivalent classes of irreducible unitary representations of K
and M, respectively. By the theorem of the highest weight (Theorem 1.4), the
representations 7 € K ,0 € M are parametrized by their highest weights v, v,,
respectively. Then,

vy = (1,00, 1),
where v; > ... > v, and v;,i = 1,...,n are all integers or all half integers (that is
vi = qi/2,q; € Z) and
Vo= (V1 s Vn1,Vn), (1.10)
where vy > ... > v,_1 > |v,] and v, 0 = 1,...,n are all integers or all half integers.

Let s be the spin representation of K, given by
s: K — End(Ay,) @ End(As,) &5 End(As,)

where Ay, = C?" such that n = k, and pr denotes the projection onto the first
component (cf. [Fri00, p.14]). We set for abbreviation S = A,,. Let (s*,ST),
(s7,87) be the half spin representations of M, where S* := A% (cf. [Fri00, p.22]).
The highest weight of s is given by

1 1
Vs = (57 '75)7
and the highest weights of s*, s~ are
1 1
=(=,...,= 1.11
Vs+ (27 72) ( )
1 1
- =(=,...,—=), 1.12
v = (50 ) (1.12)

respectively. Let w € Wy be a non trivial element of W4, and m,, a representative
of w in M’. Then the action of W4 on M is defined by

(wo)(m) = o(my'mmy,), me M,oc M.

If vy = (14, ..., Vn_1,Vy) is the highest weight of o, then the highest weight of wo
is given by

Vywo = (1/1, cey Un—1, _Vn)~
Specifically, for the half spin representations s* we have
1 1
Vst = (5,,:135) (113)

Hence,
ws® = s7. (1.14)
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1.2 Haar measure on G

We want to define a measure on our Lie group G, using the Iwasawa decomposition.
First, we set a(t) = exp(tHgr) € A,t € R. Then, we can use a Lebesgue measure on
A, induced by the Lebesgue measure on R. Since K is compact, the Haar measure
dk on K can be normalized such that

/dkzl.
K

For the N-component, we deal first with the Lie algebra n of N. We consider an
isometric identification of R?*" with n with respect to the inner product

1

<Y17YQ>9 = —m

B(Y1,0(Y2)),

where Y7, Ys € n. Then, we can equip n with the measure induced by the Lebesgue
measure on R*". We use the exponential map to pass to the Lie group N and define
a Haar measure dn on N, induced by the measure on n.

Lemma 1.9. Let S = AN. Let da and dn be left invariant measure on A and N,
respectively. Then, the left invariant measure ds on S can be normalized such that

for f € Cy(S)
/Sf(s)dS:/A/Nf(an)dadn.

Proof. See [Wal73, Lemma 7.6.2|. O

Lemma 1.10. Let dgs be a right invariant measure on S. Then, for f € Cy(S),

/sf(s)dRs - /R /N fla(t)n)e” ™= dndt,

where p as in (1.8).

Proof. We consider the modular function 6 on S. It is a smooth non-vanishing
real-valued function, such that dgr(s) = d(s)ds and

5(s) = det(Ad(s)) (1.15)

(|Wal73, p.31-32]). On the other hand, by Proposition 1.5, n is a nilpotent subal-
gebra of g. Therefore, there exists k € N such that for n € N, (Ad(n) — Id)* = 0.
Hence,

Ad(n)(a+n) = Id|gtn. (1.16)
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Also,
Ad(a(t))]e = Id|,. (1.17)

Equation (1.15) becomes by equation (1.16) and (1.17),
d(s) = d(a(t)n) = det(Ad(a(t)n)|ern) = det(Ad(a(t))|arn) = det(Ad(a(t))|(n1).18)

We use now the definition of p (equation (1.8)) and write p(H) = i tr(ad(H)|,).
We have

exp(2p(loga(t))) = exp(trad(loga(t))],) = det(Ad(a(t))]|a), (1.19)

where we have used the identities

Ad(exp(X)) = exp(ad(X)),
det(Ad(exp(X))) = exp(tr(ad(X))

for X € g. Hence, by equations (1.18) and (1.19),
d(a(t)n) = exp(2pt Hg).
The assertion follows from Lemma 1.9. O

Proposition 1.11. The invariant measure dg on G can be normalized such that

for f € Co(G),

/G f(9)drg = /K /R /N f(ka(t)n)e" ™ dndtdk. (1.20)

Proof. Let dgr be a right invariant measure on S. Let § be a function defined as
f:KxS—G,(k,s)— ks. Then, f*dg = h(k, s)dkdgs. We pick an element kq €
K and consider the left action Ly, in the first component Ly, 3(k,s) = p(kok, s).
Then, since K is unimodular,

(L, B(k,s))*dg = (B(kok, s))*dg = h(kok, s)dkdgs. (1.21)
On the other hand, since G is unimodular,
(Lio Bk, 8))*dg = Bk, s)* Ly, dg = B(k,s)*dg = h(k, s)dkdgs. (1.22)
Hence, by equation (1.21), and (1.22), we get

h(kok, s) = h(k,s), Vko k€ K,s€S. (1.23)
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Similarly, we pick an element sy € S, and we consider the right action R, in the
second component R, 3(k,s) = (k,ssg). We have

(Rs,B(k, s))"dg = (B(k, ss0))*dg = h(k, sso)dkdgs. (1.24)
Since G is unimodular,
(R, B(k, 8))*dg = B(k,s)* Rs,dg = B(k,s)*dg = h(k, s)dkdgs. (1.25)
So, by equations (1.24) and (1.25) we obtain
h(k,sso) = h(k,s), Vke K,s,so€S. (1.26)

Using now equations (1.23) and (1.26), we conclude that h(k,s) is a constant
function on K x S. The assertion follows from Lemma 1.10. O

We define now a left invariant measure on the the quotient space I'\G. Let
p: G — I'\G be the projection map. We define the map J: C.(G,C) — C.(T'\G, C),
given by

(JH(p(9) =D f(vg). (1.27)

yel

Proposition 1.12. There exists a left invariant Haar measure dx on the quotient
space T'\G, which can be normalized such that for every f € C.(G,C),

/ (Jf)(flf)dx:/f(g)dg- (1.28)
G G

Proof. See [Bum97, Proposition 4.3.5]. O

Remark 1.13. The same setting can be considered for defining a Haar measure
dz on X = G/K. Let 7 : G — G /K be the projection map. We define a surjective
map I: C.(G,C) — C.(G/K,C) by

(I£)(n(g)) == /K £(gh)dk.

Then,
| an@d = | sigs (129
G/K G



28 CHAPTER 1. PRELIMINARIES

1.3 Word metric

For the proof of the convergence of the Ruelle and Selberg zeta functions we need
the word metric on I', so that we can obtain an upper bound for the character of
the representation of I'.

Let T" be a finitely generated group with unite element e. Let L = {aq,...,ax}
be a set of generators . Let L~ = {a;',...,a; '} be the set of the inverse elements
of L. Then, every element g # e in I' can be written as

where ¢; € Z, 1 < i <r,and r <k.

Definition 1.14. The length of a non trivial element g € I' is defined to be the
minimal positive integer [ € N such that g can be written as a product of [-elements
of LU L™, counted with multiplicity. The length of e € T" is defined to be 0.

If g has length [, then we say that g can be written as word of length [.

Definition 1.15. The word metric on I' is defined to be

dW(QJ.g/) = l? gag/ € F?
where [ is the length of g7 1¢'.

We consider the action of a discrete torsion-free cocompact subgroup I' of
G = Spin(d, 1) on the symmetric space X = G/K = Spin(d, 1)/ Spin(d). We
define a word metric dy on I'. The fact that I' is cocompact assures us that the
riemannian metric on G/K, restricted to T'xzy for g € X, is Lipschitz equivalent
to dW

Proposition 1.16. Let I' be a discrete torsion-free cocompact subgroup of G. Let
dw be a fized left invariant word metric on I'. We can embed I" in X wvia the map
I' = I'wg, g € X. Then, the pullback of the restriction of the riemannian metric
d on X to I'zg is Lipschitz equivalent to dyy.

Proof. This is proved in [LMROO, Prop. 3.2|. O
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Dynamical zeta functions

2.1 Twisted Ruelle and Selberg zeta function

Throughout this chapter we will consider finite dimensional representations y: I' —
GL(Vy) of I', which are not necessarily unitary.

Definition 2.1. Let o € M. The twisted Selberg zeta function Z(s;0,x) for X
is defined by the infinite product

Z(s;o0x) = ][] Hdet (1d —(x(7) ® o(m,) @ S*(Ad(m,a,)g))|e” CHADION),

[y]#e k=0
[v] prime

(2

1)
where s € C, Tt = fn is the sum of the negative root spaces of a, S* (Ad(mvaw)ﬁ)
denotes the k-th symmetric power of the adjoint map Ad(m,a,) restricted to n
and p is as in (1.8).

Definition 2.2. Let o € M. The twisted Ruelle zeta function R(s;0,x) for X is
defined by the infinite product

R(sioox) = [] det (Id—x(7) @ o(m,)e @) V", (2.2)

[v]#e
[7] prime

29
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2.2 Convergence of the zeta functions

In Proposition 1.16, we have seen the equivalence of the word metric and the rie-
mannian metric on I'-orbits in X. This fact will be used in the proof of Lemma
2.3 below to find an upper bound for the character of any finite dimensional rep-
resentation of I'. Furthermore, we will use the definition of the length of v with
respect to the word metric dy,. We define this length by

lw(7) = dw(7,e).

Lemma 2.3. Let x: I' — GL(V}) be a finite dimensional representation of I.
Then, there exist positive constants K,k > 0 such that

tr(x(7))] < KeHO, ¥y eT — {e}. (2.3)

Proof. We fix a finite set of generators L = {v,...,7.} of I', and we choose a
norm |- || on V;. Then, if we put C' = max{||x(v:)|| : 7« € LU L'}, we get for
c=logC,
Ix(DI| < e . (2.4)

By Proposition 1.16, it follows that there exist positive constants c¢;,co > 0 such
that

c1d(zo, yxo) < dw (e, ) < cod(xg, yT0), (2.5)
where z := eK is the identity element of X = G/K.
Then, (2.4) becomes by (2.5)

Ix(7)]| < Cye2dxono),

It follows that
|tr x(7)] < dim(V3)[[x(7) ]| < CseHoro), (2.6)

Now by definition N
[(7) := min{d(xz,vx) : v € X}.

We choose a fundamental domain F' C X for I such that zo € F. Given vel,
let 21 be in X, such that I(y) = d(x1,y21). Then, there exists a v € I such that
r1 € F. Let x5 € F such that 1 = vy,25. By compactness of the fundamental
domain, diam(F") is finite. If we put § := diam(F'), then

d(l’o,ﬂ?g) S 0. (27)
We see that

d(zo, vy 'y71m0) < d(z0, T29) + d(T2, 77 *¥71%0)
< 8+ d(w2, 71 'y niT0). (2.8)
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In addition,

< d(wa, 77 @) + d(yy ymme, 1y nae)
< d(w2, 7y "yn72) + d(z0, T2)
< d(xg,%—ly%xg) + 0. (2.9)

d(z2, 77 "y mizo)

Hence, by (2.8) and (2.9) we get

d(xo, yflyylxo) < 28 + d(zo, 71_1771@). (2.10)

Recall that x1 = ~125. Therefore, we have

d(zo, v y7120) < 26 + d(77 tor, v yzn)
< 20 + d(z1,y11). (2.11)

Using (2.6), we obtain the following inequalities.

tr(x(7))| = ltr(x (71 ')
< 03602d(900,’71_1’7“/1930)

< 03602(25-5-01(361,7&?1))

_ C4ecgd(z1,7z1) _ 046021(7).

The assertion follows. O]

We are ready now to prove the convergence of Selberg and Ruelle zeta functions.

Proposition 2.4. Let x: I' = GL(V,) be a finite dimensional representation of I'
and o € M. Then there exists a constant ¢ > 0 such that

Z(s;0,x) = H Hdet(l - (x(7) @ o(m,) ® Sk(Ad(mv%)ﬁ))e—(sﬂpl)l(v))’

[vl#e k=0
[v] prime

(2.12)
converges absolutely and uniformly on compact subsets of the half-plane Re(s) > c.
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Proof. We observe that

log Z(s;o,x) = > Ztrlog (1= (x(7) ® o(m,) ® S*(Ad(m. a,)g))eEHADON)
[v]#e k=0
[v] prime
> S $ trX(0) @ olrms) © S (Ad o))~y
yl#e k=0 j=1 J
Mprlme

) ® o(m,) @ S*(Ad(m,a,)q))e —(s+1eDi(v)

v|#e k= O
1 e~ (s+1pDI()
=Y — ¢
%; () X ) R ()
Y e
(2.13)
where in the last equation, we made use of the identity
f: S*(Ad(m.a,)s) = ! |
p det(Id — Ad(m,a,)s
Initially, we observe that
ltro(m,)| < dim(0), Vo € M. (2.14)

We need an upper bound for the growth of the length spectrum [(vy). By Proposi-
tion 1.11 we see that by this normalization of the Haar measure on G, there exists
a positive constant C' > 0 such that for every R > 0

Vol(B(zg, R)) < CePIE,

where p as in (1.8). Since I' is a cocompact lattice of G, there exists a positive
constant C’, such that

{1 1(7) < R} <t{y €T :1(y) < R} < O, (2.15)

We need also an upper bound for the quantity

1
det(Id — Ad(m,a,)z)

By equation (1.19) in Section 1.2 we have that

det(Ad(a,)s) = exp(=2|p[l(7))-
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We use the estimates (2.15) to see that we can consider a [Vm:,| among all the
conjugacy classes of I" such that [(7,,:,) is of minimum length. Hence, there exists
a positive constant C” > 0 such that

1
det(Id — Ad(m,a,)w)
By Lemma 2.3, it follows that there exist positive constants C,c¢; > 0 such that

1 o= (sHlaDI)
> ——|tr(x() @0 (m,))
& nr(y) det(Id — Ad(m,a,)z)

<O elaRe)

[v]#e

Ci $ claRe)

k=0 [y]#e
k<i(v)<k+1

<" (2.16)

< C Z N(k + 1)6(c1—Re(s))k’
k=0

where
N(R) :=t{h]el:l(y) <R}, R>0.
By (2.15), we have

ZN(k + 1)6(017Re(s))k < Clze(Z\p|+c17Re(s))k. (217>
= k=0

Hence, there exists a positive constant ¢ > 0 such that for s € C with Re(s) > ¢,

1 e~ (s+1pDI(7)
> —— | @ om,) < o0,
[v]#e Tl[‘(’}/)

det(Id — Ad(m,a,)xw)

]

A similar approach will be used to establish the convergence of the Ruelle zeta
function.
Proposition 2.5. Let x: I' = GL(V,) be a finite dimensional representation of I'
and 0 € M. Then, there exists a constant r > 0 such that

R(s;0,x) H det (Id —x(7) ® o(m,)e _51(7))(71)%1. (2.18)

[v]#e
[v] prime

converges absolutely and uniformly on compact subsets of the half-plane Re(s) > r.
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Proof. We observe that

log R(s;0,x) =(—1)*"" Y trlog(l — x(7) ® o(m,)e ")

[v]7e
[v] prime

> tr ol(me—sl )i
= (—1) Z Zt((x(7)® ; 7) ))

e =1
[y] prime

('Y @) @ om0, (219
[vl#e

By Lemma 2.3, it follows that there exist positive constants C, c; > 0 such that

2.

[v]#e

tr(x(7)®c(m,))e )

nr(7)

<C Z ele1—Re())I(v)
[v]#e

CZ Z N(k 4 1)elcr—Re()i)
k=0 [y]#e

k<i(v)<k+1

<O N(k + 1)elaRebDk,
k=0

By (2.15), we have

k=0

ZN<k + 1)6(017Re(s))k < ' Z e(2|p|+c17Re(s))k.
k=0

Hence, there exists a positive constant r > 0 such that for s € C with Re(s) > r,

Z 1

< 00. (2.20)
[v]#e nr(ﬁ)

tr(x(7) ® a(m,))e*)

O

2.3 The logarithmic derivative of the zeta func-
tions

We distinguish two cases according to the action of the restricted Weyl group Wu:
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1. case(a) o € M is invariant under the the action of the Weyl group W4.

2. case(b) o € M is not invariant under the the action of the Weyl group Wy4.

Throughout this thesis, we will always deal the two cases separately. In case
(b), we have to define two special kinds of zeta functions.

Definition 2.6. We define the symmetrized zeta function S(s; o, x) by
S(S;O’, X) = Z(S;Ua X)Z(S;U)O', X)7 (221>
where s € C, and w is a non trivial element of W 4.

Definition 2.7. We define the super zeta function by

Z(s;0,X)

A =
(s,0,%) Z(s w0y’

(2.22)

where s € C, and w is a non-trivial element of W 4.

The logarithmic derivative of the Selberg, symmetrized and super zeta function
plays a crucial role in our analysis in order to obtain the meromorphic continuation
of these functions and the Ruelle zeta function as well, to the whole complex plane

C.

Lemma 2.8 (Logarithmic derivatives of the zeta functions). Let

o trx(y) @ a(my))e PO
Lam(:0) = =40t (1~ Ad(moay))

(2.23)

Then we have

1. case(a) The logarithmic derivative of the Selberg zeta function Z(s;o,x) is
given by

L(s) := %log(Z(s;a, X)) = Z nl—Lsym('y;a)e_sm). (2.24)

2. case(b) The logarithmic derivative of the symmetrized zeta function S(s; o, X)
1S given by

Ls(s) == %log(S(s; a,x)) = Z %Lsym(v; o +wo)e ). (2.25)
[v]#e
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3. case(b) The logarithmic derivative of the super zeta function Z*°(s;o,x) is

given by

L*(s) == 4 log(Z°(s;0,x)) = Z %Lsym(v;a —wo)e 1. (2.26)

ds
[vl#£e

Proof. 1. For the case (a), we see by equation (2.13)
e—st V) e—lpll(v)

d ' -y [(7)
% log(Z<S7 g, X)) - = nF(7> tr(X(/}/) & U(m’y))det(l — Ad(mryay)ﬁ)
_ Z l(’Y) cq)e s
[y)#e nr(7) Logm{3:0) .

2. In case (b), for the symmetrized zeta function S(s; o, x), we see by equation

(2.21)

d d d
—log(S(s;0,x)) = P log(Z(s;0,x) + p log(Z(s; wo, x)

ds
I(7) e—sl) g=lpll()
= t
2 ) X 7)) G T R T
() e—slM e=leli(7)
i [%e () ) €0 ) e R )
— Z Z(Z))Lsym('y;a + wU)e_SZ(’Y).
e TV

3. In case (b), for the super zeta function Z*(s; o, x), we see by equation (2.22)

% IOg(Z (87 g, X)) - E 1Og(Z(8a g, X) ds 10g<Z(S, wao, X)
B 1(7) =8l glpll(y)
- %;e () ) © 7)) e R )
l(f)/) e_SZ(’Y)e‘pll(’Y)
- szée () ) @ 0o e R )
=2 Z(Z))Lsym(% o —wo)e .
[v]#e nry



CHAPTER

The Trace formula

The Selberg trace formula has turned out to be a useful tool for spectral analy-
sis, which intersects with different areas of mathematics. The significance of this
formula is that it combines spectral data, namely the eigenvalues of the Laplacian
acting on smooth functions or on differential forms on a manifold, with geometric
data such as the volume of the manifold, or the lengths of the closed geodesics.

spectral side geometric side
trace of certain integral operators orbital integrals

trace formula

The diagram above can be “translated” into the following trace formula (cf. Section
3.1):

Tr Re(h) = ) trx(y) Vol(T,\G,) / \ trh(g~"vg)dy,
] GG

where h € C°(G) and Rr(h) is an integral operator (cf. Definitions 3.1, 3.3 and
Lemma 3.4).

37



38 CHAPTER 3. THE TRACE FORMULA

3.1 The trace formula

We consider a connected semisimple Lie group G. Let I' be a discrete cocompact
subgroup of G. Let x: I' = GL(V, ) be a finite dimensional unitary representation
of I'. Let ||| a norm induced by an hermitian inner product (-,-) on V,.

Let dg be an invariant Haar mesaure on G. By Proposition 1.21, there exists

an invariant measure dr on I'\G, induced by the invariant measure on G.
Let L3(I'\G) be the Hilbert space defined by

L2(T\G) = {f: G = Vi : f(v9) = x()f(g).¥7 €T, Vg € G, /F 7@l < o0}

Definition 3.1. We define the right regular representation Rr of G on the Hilbert
space Li(F\G) as the representation which associates every element gy € G with
the operator Rr(go) defined by

(Rr(90)) f(9) = f(gg0).
where g € G, f € L2(T'\G).
Remark 3.2. We can easily see that Rr is a unitary representation of G by the

right invariance of the Haar measure on T\G. Indeed, with respect to the L*-inner
product (-,-) on L2(T'\G) we have for all g, go € G:

(Rre(g0) fu, Rr(g0) o) — / (F1(990). f2(990))dg

NG

- / (F1(9): Jo(9))dg
AYe.
= (f17f2)-

where we applied the change of variables ggy — g.

Definition 3.3. Let h € C2°(G). We define the operator Rp(h) on L3 (I'\G) by

Re(h)f = /G h(go) Rr(g0) fdgo. (3.1)

Lemma 3.4. The operator R (h) is a linear bounded integral operator on L2 (I'\G).

Proof. The linearity of Rp(h) follows from the definition.
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We let F' be a fundamental domain for I'. We compute

(Re(1)f)(g) = / h(go)f(990)dgo = | hlg~"90) 7 (90)ddgs

G G

=) /F h(9™"vg0) f (790)dgo

yel

= Z /F h(g~"v90)x(7) f (90)dgo

vyel

= [ (o a0 ) lan)dan

vyerl

Then, we see that the operator Rp(h)f is an integral operator on L?(I'\G) and is
given by

(Re(h)f)(g) = / K49, 90)  (90)dgo.

with kernel
Kin(g,90) = > hg™ v90)x (7). (3.2)

~vel

Since h is a compactly supported function on G, we may assume that g~1vgg
belongs to a fixed compact set for all v € T'. Also, ¢, go € F, and so 7 belongs to a
compact set. Because the action of I on G is discrete, v in (3.2) ranges only over
a finite set.

Therefore, K5(g, go) is a smooth function on G x G, and hence Rr(h) is a bounded
operator. ]

By [GGPS69, p.27], it follows that Rp(h) is of trace class and its trace is

Tr Rr(h) = /

r\ctrKh(g’g)dgz/ > trh(g g trx(v)dg.  (3.3)

NG vyel

Denote by I'y := Centrp(vy) the centralizer of v in I', and G, := Centrg(7y) the
centralizer of v in GG. The conjugacy classes of I" are:

M =1{=nv(n)" i eTh
We observe that the map

71 € TN\ = vyt €[]



40 CHAPTER 3. THE TRACE FORMULA

is bijecitve. Hence, we have

Z/ (9" vg)dg => Z/ (9771 "y 9)dy

yel [v] M€\

=y > / h(g~'vg)dg

[Vl mel A\l M (F)

= Z/F h(g~"vg)dg,
o] B

where F, = yierr V1E s the fundamental domain of I',, i.e.

/thg vg)dg = > / (g 19)d (3.4)

v1€LL\D

We have

/ h(g~'vg)dg = / / h(g~ "7 ' vg19)dgidg
T \G a\GJIre,

= / / h(g~'vg)dg1dyg
G\G JTH\Gy

= Vol(I',\G,) /G . h(g~'vg)dg. (3.5)

The space Li decomposes into an orthogonal direct sum of irreducible invariant

subspaces (cf. [Wal76, p.171]). Let G be the st of equivalence classes of irreducible
representations of GG. Then,

h) = Zmp(ﬁ)w(m

where mp(7) is a non negative integer. Recall that m(h) is a trace class operator.
We set O, (h) =trm(h). Then,

Tr Rr(h) = Zmp(ﬂ)@ (h)

Hence, if we combine equations (3.3), (3.4) and (3.5), we obtain the pre-trace
formula

Zmp(ﬂ') Ztrx ) Vol(I', \G,, )/ trh(g~'vg)dg. (3.6)

vy ] GG
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3.2 The trace formula for all locally symmetric
spaces of real rank 1

We consider now the more special case of all locally symmetric spaces of real rank
1. Then, we can analyze the pre-trace formula (3.6) further and obtain a better
version of it. Namely, we can explicitly write the right hand side of the formula in
terms of the characters.

Definition 3.5. Let P = M AN be the standard parabolic subgroup of G. For
(0,V,) € M, we define the space H° of C'*°-vectors in H, as follows.
H 1= {f: G =V, : f € C%, f(gman) =e" 1671 (m) £(g)
Vg € G,Yman € P}, (3.7)

where A € C and p as in (1.8), with norm

1l = /K (k) % (3.8)

We define the principal series representation as the induced representation
Ton i= Ind%(0 ® ¢ @ 1d) (3.9)

with representation space the Hilbert space J,, obtained by completion of H2°
with respect to the norm in (3.8). For f € H,, the action of G on f is given by

Tox(9)f(d) = flg7"9).

Remark 3.6. 1. af is the space of the linear functional on ac. In (3.7), A
is a complex number. Hence, af is identified with C, using the positive
root. If X € R, then the representation m, is unitary. This is proved in

[Kna86, Chapter VII, §2]. Our definition is slightly different because we use
the exponential of i\ € C instead of X € C, but the two definitions are
equivalent.

2. In addition, if A € R — {0}, then 7, is irreducible.

3. Let w be a non-trivial element in Wo. Then for o' = wo € M and N =
A€ C, my v and m, )\ are equivalent.

4. If we restrict the principal series representation m, x of G to K, then it follows
by the Frobenius Reciprocity Principle ([Kna86, p.208]) that for 7 € K and
oeM,

[Ton 2 7] = [7|n 2 0. (3.10)
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For A € R and h € C°(G), let m, 2 (h) be the linear operator on H, defined by

moall) = [ ha)mar (o) (3.11)

Then by [War72, Theorem 4.5.7.4], it is a well defined trace class operator. We
define the character of 7, 5, by

O,a(h) = Tr(moa(h)), heCX(G). (3.12)

We recall here the definition of the Harish-Chandra L9-Schwartz space C4(G) ® V.
Following [BM83, p.161-162|, we define the function

D(g) :=d(9K,eK), ge€G,

where d(g; K, g2 K) denotes the geodesic distance between two elements g1 K, go X
in G/K. We consider the unitary representation

o == Ind%(Id ®e™ ® 1d),

i.e. the unitary representation induced by the trivial representation of M with
representation space Hy. Let mo|x be the restriction of my to K. Let £ € Hy be
the unit vector such that

mo(k)¢=¢, Vke K.

Then, we define the matrix-coefficient functional

(g) = (WO(g)é-a 5)7

where (+,-) denotes the corresponding inner product in H,. We define

(1]

CUG) :={f € C™(G) sup ((1+D(9)"=(g9) **IL(X)R(X') f(g)]) < o0, ¥m € R*},

where X, X’ € U(gc), and L(X), R(X) denote the left and respectively the right
invariant differential operator on G associated with an element X € U(gc). We
turn now to the equation (3.6).

Since rankg G = 1, we know by Lemma 2.1 that every element v € T' — {e} is
conjugate in G to an element m,a, € MA". Moreover, since rankg G = 1, the
centralizer I'y of v in I is infinite cyclic. Thus, there exists a vy € I', that generates
I, and v = 7{;(”, for some integer n(y) > 1.

Since G /A is compact, the last line in equation (3.5) gives

Vol(G, /A) / hgg)dg = [ hlgvg)ds. (3.13)
G \G G/A
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where the mesaure dg is defined by

| marag = [ ) | oexieis)ard

Therefore, equation (3.6) becomes

Vol(I',\G,) _ .
T tr —7 trh(g 'vg)d 3.14
) = 3 O) g /G/A hig o), (314)

Now by the observations above,

Vol(I',\G,)

Vol(G,/A) {0)-

Hence, equation (3.14) becomes
Tr Re(h) = Y trx()i0) | | rhle )y
G/A

If we separate the conjugacy class of the identity element e we get

Te Ry (k) = dim(Vy) Vol(X)h(e) + 3 trx(7)1 / trh(g~lvg)dg.  (3.15)
[v]#e G/A

In the right hand side of (3.15) the first term gives the identity contribution,
while the second one the hyperbolic.
By [Wal73, Corollaries 7.7.10 and 7.7.11],

1 . 1
/G/A h(g~ vg)dg = Wfﬂl(mvaw), (3.16)

where F),(m,a,) = A(h) is the Abel transform of h given by

A(h)(a,) = Frp(mya,) = elpll(w)/ / h(km.,a,nk™")dkdn, (3.17)
KJN
and D(ma.) is defined to be
D(m.a,) = e det(1d — Ad(m,a,)|s).

Hence, equation (3.15) gives

Te Re(h) = dim(Vy) Vol(X)h(e) + 3 trm)z(%)m%(m%). (3.18)
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By [Wal73, Theorem 8.8.2],

@m,\(h):tra(mv)// Fn(m.a.)e™dmdt.
RJM

By this representation of O, ,(h), we get that F(ma.,) is just the Fourier transform
of the character ©, ,(h). Hence,

Fn(m.a,) Ztr o(m,) / Opr(h)e MdA. (3.19)

O'EM

We substitute (3.19) in (3.18) and get

Tr Rp(h) = dim(V,) Vol(X —|—Z Z (0 (m)) tr x()1(%) /@ Je~ N

#e ceM 27TD mwaw

(3.20)
We specialize now to our case, where G = Spin(d,1), K = Spin(d), and I is
a discrete torsion-free cocompact subgroup of G. Since rank(G) > rank(K), by
a classical result of Harish-Chandra ([HC66]), the set of the discrete series rep-
resentations of G is empty. Then, formula (3.20) can be developed further. In
particular, we can evaluate the term h(e) as the inverse Fourier transform of h at
e. By (3.11) we write the inverse Fourier transform of h at g € G as

hg) = / Tr (myr (W) (9)) s (o),

where dppr,(7,5) is the the Plancherel measure, viewed as a measure on the set of
the principal series represenations 7, 5. It is sufficient to compute

h(e) = / Oy () dppr (o). (3.21)

By |[Kna86, Theorem 13.2],

= Z/R@m,\(h)dupjz(%,/\),

ceM

where

dupL(ﬂ'(,,)\) = PU(Z)\)CZ)\ (322)
Here, P,(i)) is the Plancherel polynomial given by

P (i) H (IN + Vo + pm, Q)

Y

acA+ (ge.b) {Pa; )
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where (-,-) is the inner product as in (1.2), v, is the highest weight of o as in
(1.10), pr is defined as in (1.9), and pg, is defined by

1
pg::§ Z Q.

a€AT(gc,h)

Let z = iA € C. Then, by [Mia79, p.264-265|, P,(z) is an even polynomial of z.
We have
P,(z) = P,(—z) = Py, (2).
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CHAPTER

The twisted Bochner-Laplace opera-
tor

4.1 Non-unitary representations of I'.
General setting

Let £ — X be a complex vector bundle equipped with a connection V. We define
the second covariant derivative V2 by

2 -

where V¢ denotes the Levi-Civita connection on the tangent bundle of X and
V.W € C>(X,TX). We note here that at any point z € X, the operator V%/W
depends only on V,, and W,. The dependence of the second derivative on V,, follows
directly from the properties of the covariant derivative Vy,. For the dependence
on W,, one can use the identity

2 2 _
Vivw — Vipy = Rvw,

where R is the curvature tensor of £.
We define now the connection Laplacian to be the negative of the trace of the
second covariant derivative V?:

Ap:=—Tr V2 (4.1)

By [LM89, p.154|, the connection Laplacian equals the Bochner-Laplace operator,
ie.,

Ap=V*V.
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In terms of a local orthonormal frame field (ey,...,e4) of T, X, for x € X, the
connection Laplacian is given by

d
AE = _ZVQe-ew
3>€j

7j=1

Then, Ag : C*(X, E) - C*(X, E) is a second-order differential operator.

We want to compute the principal symbol of the connection Laplacian. Let U
be an open subset of X Let (z1,...,24) be local coordinates on X at x € X and
(s1,...,sk) be a local frame field of E over U. Here, k = rank(F). Then, every
smooth section ¢ € C*(U, E|y) can be written as

Let Y € C®(X,TX). Locally, it can be expressed as Y = Z;.l:leﬁ. The
covariant derivative Vyo locally can be described as

d k

0 L
Vyo=> > m(a—%w + ;wj’%ﬁ)sa,

j=1 a=1

where w}l’ﬁ denotes a k x k matrix of 1-forms on U with values in End(E). Then, we
associate every local tangent vector e; with d/0x;. Also, under the identification
T,X = TrX, we correspond every e; to dz;. Let £ = Zle &jdz; be a cotangent
vector in 7T X with £ # 0. By the local formula for the covariant derivative Vxo
and the definition of the connection Laplacian, we have

d 2
Ap=— Z 9.2 + lower order terms.
j=1
Hence,
d
oap(1,8) = —(0)* Y & 1dg, = [|¢]21dp, . (4.2)
j=1

Let h be a metric in E. Then, Ag acts in L?*(X, E) with domain C*(X, E).
By (4.2), we can conclude that Ag is an elliptic operator and hence it has nice
spectral properties. Namely, its spectrum is discrete and contained in a translate of
a positive cone C' C C such that Rt C C' (Appendix A, Lemma A.8). Furthermore,
if the metric is compatible with the connection V, Ag is formally self adjoint.
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Let x: I' — GL(V,) be an arbitrary representation y: I' — GL(V,) of T.
Let £, — X be the associated flat vector bundle over X, equipped with a flat
connection V¥x.

We specialize now to the twisted case £} = Ey® E,, where £y — X is a complex
vector bundle equipped with a connection V0 and a metric compatible with this
connection.

Let V¥ = VEo®Ex the product-connection, which is defined by

VEOE .= v @ 1 +1® VEx
We define the operator A%M by the same formula

AL = =T ((VFE)2), (4.3)

Eo,x

We choose a hermitian metric in F,. Then, AﬁEmX acts on L*(X, Ey®E, ). However,
it is not a formally self-adjoint operator in general.

We want to describe this operator locally. Following the analysis in [Milll], we
consider an open subset U of X such that E,|y is trivial. Then, Ey ® E,|y is
isomorphic to the direct sum of m-copies of Ey|y

(Eo ® Ey)|u= &2, Eolu,
where m := rank(E, ) = dim V.

Let (e;),i = 1,---,m, be a basis of flat sections of E,|y. Then, each ¢ €
C>(U, (Ey ® Ey)|y) can be written as

¢ = Z¢z’ X €4,
i=1

where ¢, € C*(U, Ey|y),i =1,...,m.
The product connection is given by

V6 =3 (V) (6) @ e,

i=1

where Y € C*(X,TX).
By (4.3) we obtain the twisted Bochner-Laplace operator

A 0= (Apd) ®e;, (4.4)
=1
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where Ap, denotes the Bochner-Laplace operator Afo = (VE0)*VFo associated
with the connection V0. N
Let now Ey, £, be the pullbacks to X of Ey, £, respectively. Then,

EX >~ X x Vi
We have L o
C(X,Ey®E,) =C(X, Ey) ®@V,. (4.5)
With respect to the isomorphism (4.5), it follows from (4.4) that the lift of A%me
to X takes the form B
A% L

where KEO is the lift of Ag, to X.

= Ap, ® Idy,, (4.6)

Remark 4.1. The description of the twisted Bochner-Laplace operator is not dif-
ferent from the general idea of the flat Laplacian. Indeed, it is a special case of the
flat Laplacian acting on the space of E\ -valued p-forms. Recall the Hodge-Laplace
operator Ay, = dy0, + 0,d, : AP(X, E,) O, defined as in [MM63, Section 2/, where
dy: AP(X, E,) = APT(X E,) denotes the exterior derivative and 8, is the formal
adjoint of d,, with respect to inner product in AP(X, E,).

Then, the flat Laplacian A%, is defined analogously (cf. [Fay81], and [BK05],[BK0S]).
The difference is that we define a new *-operator

*y 1= % ® Idy,

acting on C(X,APT*X ® E, ), where x is the usual Hodge *-operator acting on
C®(X,APTX). We define the operator 5f< by
5f( = (=)D d ok,
We define the flat Hodge-Laplace operator or the twisted Laplace operator Ai acting
on AP(X, E,) by
Al =8t d, + d, o

This operator is not self-adjoint with respect to the inner product in C*°(X, APT* X ®
E.) induced by any hermitian metric hX in E, and the riemannian metric in TX.
For a detailed definition and analytic properties of the flat Laplacian on p-forms
see Chapter 9.

The twisted Laplace operator fits into the framework described above by the the
Weizenbock formula ([LM89, Corollary 8.3]), which connects the Hodge-Laplace
operator and the connection Laplacian up to the Ricci transformation. Namely,

A! = V'V + Ric.
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Here Ric denotes the Ricci transformation of TX. For ¢ € TX, it is defined by

d

Ric(¢) == Y Re, (e;),

i=1

where (e, ..., eq) is a local orthonormal frame field of T, X,z € X, and R.. denotes
the riemannian curvature transformation of T X.

We turn to the case of the twisted Bochner-Laplace operator. As already
mentioned, this operator is not self-adjoint with respect to the inner product in
C>(X, Ey ® E,) induced by the riemannian metric and the tensor product of the

metrics in E, and Ey. Nevertheless, by (4.4) A’

T x Das principal symbol

%gox(%i) = |€)2 1d(pyem,)., € X,£€TLX,E#0.

Hence, it has nice spectral properties, i.e. its spectrum is discrete and contained in
a translate of a positive cone C' C C such that RT C C (Appendix A, Lemma A.8).

In Section 4.2, we consider the corresponding heat semi-group e_tAuEOaX. We
can apply the Lidskii’s theorem, which gives a general expression for the trace of
a trace class, (not necessarily self-adjoint) operator in terms of its eigenvalues \;
and the corresponding algebraic multiplicities m(A;) (cf. Appendix A). Namely,
by [Sim05, Theorem 3.7],

Tre o = Z m(\;)e . (4.7)

Aj Espec(AnEO 7X)

4.2 The heat kernel on the universal covering

We study the Bochner-Laplace operator 377 associated with a complex finite di-
mensional unitary representation (7,V,) of K, on the universal covering X. The
associated heat operator e *" is an integral operator with smooth kernel (cf. Ap-
pendix B). Our goal is to write explicitly the corresponding trace formula for the
heat operator associated to the twisted Bochner- Laplace operator AEW We start
with the following definitions. B

We regard the Lie group G as principal K-fiber bundle over X. Let 7: G — G/K
be the canonical projection. Then, since p is invariant under the adjoint action
Ad(k), k € K, the assignment

d
Ther .— — tX), Xe
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defines a horizontal distribution on G' (|[KN96, Chapter III]). This is the canonical
connection in the principal bundle G.

Let 7 : K — GL(V;) be a complex finite dimensional unitary representation of
K on a vector space V,, equipped with an inner product (-,-),. Let ET be the
homogenous vector bundle associated to (7, V), defined by

E,=Gx,V, = X,
where K acts on (G, V;) on the right by
(9. v)k = (gk, 7 (k)v), g€G keKveEV,.

The inner product (-, ), on the vector space V, induces a G-invariant metric h®
on E,.

We denote by C’OO()N( , ET) the space of the smooth sections of the vector bundle
E,.

We define the space

Co(G;7)={f:G—=V.: fe O™, flgk)=1(k)"'f(g),Vg € G,Vk € K}. (4.8)

Similarly, we denote by C'2°(G; 7) the subspace of C*°(G; 1) of compactly supported
functions, and by L?(G;7) the completion of C2°(G;7) with respect to the inner
product

()= [ (r19):hlo))d.
G/K
Let A: COO()?, ET) — C*°(G; 1) be the operator, defined by
Af(9) = 97 f(gK).

Then the canonical connection on E’T is given by

d

AV grox)9) = i Af(gexp(tX))

t=0

(gexp(tX)) ' fgexp(tX)K),

t=0

dt

where g € G, X € p, and f € C’oo()?, ET) By [Mia80, p.4], A induces a canonical
isomorphism

C®(X,E,) = C®(G; 7). (4.9)
Similarly, there exist the following isomorphisms
0 (X, E,) = C¥(Gs ) (4.10)

L*(X,E,) =~ [*(G; 7).
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We consider the Bochner-Laplace operator associated with 67,
A= V)V :C®(X,E,) = L*(X,E,).

Let now © € Z(gc) be the Casimir element as it is defined in Section 1.1 (Definition
1.7). We assume that 7 is irreducible. Let Q|x € Z(£) be the Casimir element of
K and A, the associated Casimir eigenvalue (cf. Section 1.1). Then, with respect
to the isomorphism (4.10), the Bochner-Laplace operator acting on C°(G;7) is
given by

A, =—R(Q)+ A 1d. (4.11)

This is proved in [Mia80, Proposition 1.1].

The operator A, is an elliptic formally self-adjoint differential operator of second
order. By [Che73], it is an essentially self-adjoint operator. Its self-adjoint exten-
sion will be also denoted by A, . N

We consider the corresponding heat semi-group e *A+ acting on the space LQ(X , E‘T)

A [2(X,E,) — IA(X, E,).

By [CY81, p.467|, e*t&,t > 0 is an infinitely smoothing operator with a C°°-
kernel, i.e. there exists a smooth function k7 : G x G — End (V) such that

1. it is symmetric in the G-variables and for each g € G, the map ¢’ — k7 (g, ¢')
belongs to L?(X, E,);

2. it satisfies the covariance property,

kT (gk,g'K) = 7Y (k)K] (9,9 )7 (K), Vg,¢ € Gk, K € K;
3. for f € I2(X, E,):

e f(g) = /G/fl(m 9)f(g)dg'. (4.12)

The Casimir element is invariant under the action of G. Hence, ZT is G-invariant,
and e7*A7 is an integral operator which commutes with the right regular represen-
tation of G in L?(X, E,). Then there exists a function H]: G — End(V}), such
that

L Hi(g7'9') =k(9,9"), V9.9 € G;
2. it satisfies the covariance property

H] (kgk') = 7~ Y(k)H] (9)7(K'), Vg€ G, Vk, k' € K; (4.13)
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3. for f € LA(X,E,):
15 f(g) = / H] (74 9') () dg'- (4.14)
G

We consider the space (€4(G) ® End(V;))%*¥ the Harish-Chandra L?Schwartz
space of functions on G' with values in End(V}) such that the covariance property
(4.13) is satisfied.

Theorem 4.2. Lett > 0. Then, for every q > 0
H] € (CY(G) ® End(V;)) <K,
Proof. This is proved in [BM83, Proposition 2.4]. ]
In [BM83, p.161] it is proved that
e '3 = Re(H]),

where Rp(H]) denotes the bounded trace class operator, induced by the right
regular representation of G (Definition 3.1), acting on C*(G; 7). It is described
by the formula

e f(g) = / Hi (57 f(g)dg

More generally, we consider a unitary admissible representation m of G in a
Hilbert space H,. We set

F(H]) = /G w(9) ® H} (g)dg.

This defines a bounded trace class operator on H, ® V,. By [BM83, p.160-161|,
relative to the splitting

He ® Vr = (3 @ V)X @ [(3 @ V)R],
7(H]) has the form

0 0
with (H7) acting on (H, ® V;)X. Then, it follows that

F(HT) = (W(Hf ) 0) , (4.15)

e 1T RA) T = 7 (HT), (4.16)

where Id denotes the identity on the space (3}, ® V;)X (|[BM83, Corollary 2.2]).
We let

hi(g) := tr H{(g).
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j =1,---k of the vector spaces
1

We have
ZZ (H]) (& @ €)), (& @ €5))

=S5 [ 066 7 gk

= Z/ €n7£n hT( )
Z (h7)én, &n)

= Tr m(hy). (4.17)
Hence, if we combine equations (4.16) and (4.17), we have
Tra(h]) = e 7DD Qim(H, @ V,) K. (4.18)

Now we want to specify the unitary representation 7w of G. We consider the unitary
principal series representation 7, », defined in Section 3.2. Our goal is to compute
the Fourier transform of hj,

60A<h ) TITFU,\(h )
(cf. Section 3.2).

Proposition 4.3. For o € M and \ € R let O, be the global character of T, .

Let T € K. Then,
Opn(h]) = e {TTen (A7), (4.19)

Proof. We have
@U,A(hz) — 67t(77ray)\(9)+)\7') dim(j_cﬂ_a)\ ® ‘/;)K — 67t(77r07)\(9)+)\7)|:7TU7A : 7‘1]7

where 7 denotes the contragredient representation of 7. If we use the fact that
7 2 7 (|Oni04, Proposition 4 in §4 and Proposition 3 in §7]), we obtain

@U,A(hz) :eit(fﬂ-o',k(g)+)‘7')|:ﬂ-o_7)\ : 7\’—]

eit(fﬂ-o')\(ﬂ)+)‘7')|: 7t(77ra,/\(9)+>‘7')|:

Tex:T| =€ T |t ol
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In the last line in the equation above we use the Frobenius reciprocity principle,
which is described for compact Lie groups in ([Kna86, Theorem 1.14]). By (|Kna86,
p.208]), one has

Foalc :7) = Y nulr muk: o),
we(MNKY

where n,, are positive integers. But, in our case M C K and therefore MNK = M.
Hence,

[Tonlx 2 7] = [T |m: 0]
By [GW98, Theorem 8.1.3|, K is multiplicity free in G, i.e. [m, : 7] < 1. The
assertion follows. O

We pass now to X = F\)? , and we consider the locally homogeneous vector
bundle

E,:=T\E, — X.

Let E, be the flat vector bundle over X. We want to use the trace formula for the

heat operator e_mﬁw, where Aﬂx is the twisted Bochner-Laplace operator acting
on C*(X,E, ® E,).

The key point is that when we consider the lift of the twisted Bochner-Laplace
operator to the universal covering, this operator acts as the identity operator on
the space of the smooth sections of the flat vector bundle £, . We recall here that
by formula (4.6),

A=A, @ldy,.

For ¢ € C ()~( , E’T) ® V), the unique solution of the heat equation

0 ~
(E + Aﬁm) u’(t;z) =0,

Ii Pt 1) =
Jim w®(t;2) = ¢(z)
is -
u?(t;z) = (e @ Id)¢(x).
This is not difficult to see, since in the Appendix B, Remark B.9, the same state-
ment holds for the heat equation associated with an elliptic bounded and formally

self-adjoint operator.
We realize the space of smooth sections of . ® FE, as the space of I'-invariant

elements of COO()?, ET) ® Vy, ie.

C¥(X,E, ® Ey) = (C®°(X,E,) @ V,)'.
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By [Miilll, Lemma 2.4, Proposition 2.5], we conclude that the heat operator e~ tAx

is an integral trace class operator, whose kernel function is a smooth section of
(B, ® E,) ® (E; ® E,\)* ie

H* e C*(X,(E:® E,) ® (E; ® E,)").

We consider now the pullbacks x,y of =,y € X~to~)z , respectively. Let F' be a
fundamental domain for I'. Then, for f € (C®(X, E,) @ V,)",

o) = [P ) Sy = [ (7 5) @ 101Gy
=3 [ i @ X 1) )i

vyel

Here, H] € (C%(G) ®End(Vz))KXK as in Theorem 4.2. It corresponds to the kernel

of the integral operator e~* as in (4.14).
Therefore, the kernel function H;*(z,y) € C*(X, (E, ® E,) X (E; ® E,)*) is
given by

HX(z,y) =Y H{(F,99) @ x(7) 1d

yel’
Hence, we have the following proposition.
Proposition 4.4. Let E, be a flat vector bundle over X = F\)A(:, associated with

a finite dimensional complex representation x: I' = GL(V,) of I'. Let A,ﬁnxbe the
twisted Bochner-Laplace operator acting on C*(X, E, ® E,). Then,

(e 1A% => trx(y) / tr H{ (9~ 'vg)dg, (4.20)
vyel NG
where HY € (C4(G) @ End(V;))ExK.

We proceed as usual to obtain a better version of the trace formula, analyzing
the above identity in orbital integrals. We group together into the conjugacy
classes [7] of ', and we write separately the conjugacy class of the identity element
e. Then, as in Section 3.1 (equation (3.6)) we have

Corollary 4.5.
Tr(e *2%x) =dim (V) Vol(X) tr H] (e)

£ Y e VOULNG) [ H g g)ds
[v]F#e G\

(4.21)

where I', and G, are the centralizers of v in I' and G, respectively.
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4.3 The trace formula

We want to construct a Z/2-graded vector bundle on X. This is because we are
interested in analysis on X and specifically in the zeta functions associated with a
geodesic flow on the bundle E(o, x) := G X,y (V> ®V,) = S(X) as it is explained
in Section 2.1. R

We recall from Section 1.1 that for 7 € K we consider its highest weight v,
given by

v = (V1,0 Vn),

where v1 > ... > v, and ;4,7 = 1,...,n are all integers or all half integers.

Let now R(M)* and R(M)~ be the subspaces of the elements of R(M) that are
invariant, respectively not invariant, under the action of the Weyl group W,. More
precisely, since the order of the Weyl group W, is two, there is an eigenspace de-
composition of R(M) into R(M)* and R(M)~. The subspace R(M)™* corresponds
to the (+1)-eigenspace, and the subspace R(M)~ corresponds to (—1)-eigenspace
with respect to the action of W4 on R(M).

Proposition 4.6. 1. The map i* is a bijection between R(K) and R(M)*

2. If o € ]\/J\, then there exists a unique element T(o) € [A(, with highest weight
Vr = ((Vl - %)617 ey (v — %)en) and v,(o) > 0, such that

o —wo = (s" —s)i*(1(0)), (4.22)

where s*, s~ are the half spin-representations of M. More precisely, if s is the
spin-representation of K, then 7(o) ® s splits into

T(o)@s=1"(0c)® T (0) (4.23)
such that
o+wo =i (17 (0) — 77 (0)), (4.24)
with
o)=Y (=)W, (o), (4.25)
pef{0,1}"
c(p)==1

where c(p) = #{1 € p}, 7, (0) is the representation of K with highest weight
vu(0) = v, — p1, and v, is given by (1.10).

Proof. See [BO95, Proposition 1.1]. O
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Let 7, € R(K) with 7, := 77(0) — 77 (0). By Proposition 4.6, there exist
unique integers m, (o) € {—1,0,1}, which are equal to zero except for finitely
many 7 € K, such that for

e case (a)

o= Z m.(0)i*(7); (4.26)

e case(b)

o+ wo = Z m(0)i*(7). (4.27)

TEI?

Then, the locally homogeneous vector bundle E(o) associated with 7 is of the form

E(c)= P E-. (4.28)

TGIA(
m+(0)#0

where FE; is the locally homogeneous vector bundle associated with 7 € K. There-
fore, the vector bundle E(o) has a grading E(0) = E(o)" @ E(c)~. This grading is

defined exactly by the positive or negative sign of m, (o). Let E(o) be the pullback
of E(o) to X. Then,

rek
m(c)#£0
We consider now the lift A, of the Bochner-Laplace operator A, associated to
7 € K to X, acting on smooth sections of E.. Recall equation (4.11) from Section
4.2,
A, =—-R(Q)+ A\ Id.

We put B B

A=A, — A\ 1d. (4.29)

Hence, by equation (4.11) the operator A, acts like —R(2) on the space of smooth
sections of ET. It is an elliptic formally self-adjoint operator of second order. By
[Che73] it is an essentially self-adjoint operator. Its self-adjoint closure will be also
denoted by A

Let x: I' = GL(Vj) be a finite dimensional complex representation of I'. Let E,
be the associated flat vector bundle over X and let E’X be the pullback of E, to
X

We use the flat Laplacian ﬁﬂEmX on the universal covering X , which is defined in
Section 4.1. We get then the operator AVEX acting on the space COO()?, E, ® EX)
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Since EEX is induced by the operator KEX we get by (4.6) that gﬁx can be locally
described as

A=A ®1dy, . (4.30)
We pass to X = F\)Af We put
c(0) == =1p* = [pml* + Vs + pml, (4.31)

where 1, is the highest weight of o € M as in (1.9), and p, pn, are defined by (1.8)
and (1.9), respectively. We define the operator A% (o) acting on C*(X, E(0) ® E,)
by
A(o)= P AL +c(o). (4.32)
e () £0
Obviously, Ai(a) preserves the grading.

The operator Ai(a) is an elliptic operator of order two. However, the situation
is now different, because it is not a self-adjoint operator anymore. This property
is carried by the operator A% .

We deal first with the corresponding heat semi-group generated by the operator

e~tA%x. Since Aﬁ,x is induced by AEK, we have, as in Section 4.2, that

e f(a) = /X QP (e, 9) £ (y)dy, (4.33)

with
PXwy) =) QE Y ©x(7)1d,

~yel

where 7, § denote the pullbacks of z,y € X to X, respectively, and Q] € (C*(G) ®
End(V;))%*% is the kernel associated to the operator e=*4. By Proposition 4.4,
we get

Tr(e %) =Y tr x(y) / tr Q7 (9~ " v9)dg. (4.34)

~er NG

We put
q; (9) = tr Qi (g).
@ =Y _ m.(0)q, (4.35)

K(t;0) = > my(o) Te(e %), (4.36)
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We use now the trace formula (3.20) in section 3.2. We have

K(t;0) =dim(V, )Vol( )qf (e)
1 .
* %[Z#:e %27 > tro(m,) / Oa(gf)e 10 ax. (437

)
ceM
We continue analyzing the trace formula above in terms of characters. For the
identity contribution we have

- /R Oy (¢7) Py (iN)d, (4.38)

where P,(i)\) denotes the Plancherel polynomial, defined in Section 3.2. By equa-
tion (4.35) we get

J)\ Qt Zmr J)\ qt (439)

rek
We recall Proposition 4.3 in Section 4.2. Then,

Op(q]) = e T A D7y 2 0], (4.40)

The term A\, does not occur here, since our operator Aﬁyx is induced by the operator
A, = A, — X\ Id. We recall also

Toa(Q) = 22 + (o). (4.41)

This is proved in [Art, p.48].
Combining equations (4.39), (4.40) and (4.41) we get

Oua(q7) = _ mr(0)e D[z 1 o], (4.42)

TEK
Equivalently, for o,0’ € M

Oualef) = e | S melo)i'(r): |

TGI?

Hence, by (4.26) and (4.27), we have

O a(q)) = e if o € {o,wo}, (4.43)
Op(g)) =0, if o ¢ {o,wo}.

We put everything together and insert (4.38) and (4.43) in (4.37). Then, we have



62 CHAPTER 4. THE TWISTED BOCHNER-LAPLACE OPERATOR

e case(a)
K(t; o) =) ( dim(V, ) Vol(X) / e~ P (i\)dA
R
l(f}/) e_l(7)2/4t
+ Z —Lsym('Y?U)— ;
4 1/2
e ) (4t)
e case(b)
K (t; 0) =eteor) (2 dim(V;,) Vol(X) / e~ P, (i) d)
R
) e—l()?/4t
+Z Lsym %(H_WT)W ;
[l#e
where

tr(x(v) ® o (m,))e” )
det(Id — Ad(mya.)z)

Lyym(v;0) = (4.44)

By the definition of the operator Ai(a) in (4.32), we get the following theorem.

Theorem 4.7 (trace formula for the operator e‘tAi(”)). For every o € ]/W\,

e case(a)
Tr(e %)) = dim(V},) Vol (X) / e~ P, (iN)dA (4.45)
R
(7) e~ l()?/4t
+ Z —Lsym )
Art)1/2 ;
[W]sﬁe r(7) (4rt)
e case(b)
Tr(e t4%()) =2dim(V, ) Vol(X) / e~ P, (i))dA (4.46)
R
e—l()?/4t
+Z Lsym %UJFUJU)W,

where Ly, (v;0) is as in (4.44).
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The twisted Dirac operator

5.1 Dirac operators

Let o € M be an irreducible representation of M with highest weight v, as in
(1.9). We recall that v, denotes the last coordinate of v,. Throughout this section
we will consider o € R(M)~, i.e., we examine the case (b), where o is not invariant
under the action of W,. We recall also from Section 1.1,

K = Spin(d),
M = Spin(d — 1),

where d is an odd integer.
Let s be the spin representation of K. Since d — 1 is an even integer, s splits into
two irreducible half-spin representations (s*, S%), (s7,S7) of M, as in Section 1.1.
Let Cl(p) be the Clifford algebra of p with respect to the inner product (-,-)o, as
in (1.4), restricted to p. Let

cpS =S

be the Clifford multiplication on p ® S. Let H be in at, where a* is the Lie
algebra of AT and A" is defined as in (1.7). Since M centralizes a, the Clifford
multiplication by H preserves the decomposition S = ST @& S~. The Clifford
multiplication by H? acts as — Id. Then, H acts on ST with eigenvalues +i. Hence,
we can consider the Clifford multiplication by H as multiplication by +isign(v,).
We consider the connection V in Cl(p), induced by the canonical connection in
the tangent frame bundle of X. Let L be any bundle of left modules over Cl(p)
over X , i.e. a spinor bundle over X. We lift the connection V in L and we obtain

63
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a connection also denoted by V. The Dirac operator D: C*°(X,L) — C*(X, L)
is defined as

D:C®(X,L) % C®(X,T*X ® L) % C®(X,TX ® L) - C™(X, L),

where we identify TX = T*X using the riemannian metric g, and - denotes the
Clifford multiplication as above.
Locally, it can be described as

d
DfE Zei'veif7
i=1
where (eq,...,eq) is a local orthonormal frame for 7, X,z € X.
The bundle L is a Dirac bundle over X. This means that

e the Clifford multiplication by unit vectors in Cl(p) is orthogonal i.e.

(efi,efa) = (f1, fa),

for all unit vectors e € Tx)? , T E X and all f1, fo € L, where L, denotes the
fiber of L over xz € X.

e the connection V satisfies the product rule

V(of) = (Vo) f + - (V)),
for all p € C°(X,Cl(p)) and all f € C*(X, L).

The operator D is an elliptic ([LM89, Lemma 5.1]), formally self-adjoint (|LM89,
Proposition 5.3]) operator of first order.
We want to define twisted Dirac operators acting on smooth sections of vector

bundles associated with the representations o of M and arbitrary represenations
x of T.

Proposition 5.1. Let o € M. Then, there exists a unique element (o) € K and
a splitting
s@71(o)=71(0) D7 (0)

where 77 (o), 7 (0) € R(K) such that
o+ wo =i (17 (o) — 77 (0)) (5.1)

Proof. This is proved in [BO95, Proposition 1.1, (3)]. O
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We define the representation 75(o) of K by
Ts(0) = s®71(0), (5.2)
with representation space V. ;) = S®V; (), where V(5 is the representation space
of 7(0).
We consider the homogeneous vector bundle E. ) over X given by

ET(O’) =G X7 (o) V?’(O’) — X.

The vector bundle ETS(U) = ET(G) ® S over X carries a connection V() defined
by the formula
Ve =V gl1+1® V.

where V7@ denotes the canonical connection in ET(U).
We extend the Clifford multiplication by requiring that it acts on V, ;) = S®@ V()
as follows.

€(¢®¢):(e¢)®¢y e€C1<p)7¢€S7w€VT(U)~

We define the Dirac operator 15(0) acting on C'*° ()?, V(o)) by
N d
D(o)f =) e Vif,
i=1

where (e1, .. ., eq) is local orthonormal frame for 7, X and f € C*(X, Vi(0))- The

space of smooth sections € (X, V. (o)) can be identified with C*(G;75(0)) as in
(4.10)

Let now x : I' = GL(V,) be an arbitrary finite dimensional representation of

I'. Let E, be the associated flat vector bundle over X. Let E ) := F\ETS(J) be
the locally homogeneous vector bundle over X. We consider the product vector
bundle . ) ® E, over X and we quip this bundle with the product connection
VEr0®Px defined by

VETS(O')®EX — VETS(O') ® 1 —|— 1 ® VEX

We consider the Clifford multiplication on (Vs ® V) by requiring that it acts
only on V7, (), i.e.

e-(wev)=(e-w)®v, ecClp),we V. y,veV,.
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For our proposal we introduce the twisted Dirac operator Di(a) associated
with VFr@®Ex  We want to describe it locally. We consider then an open subset
of X such that E,|y is trivial. Let also (v;),7 = 1,...,m, be a basis of flat sections
of E\ |y, where m = rank(E, ), and ¢; € C*°(U, E;,(»)|v). Then,

ETS(O') & Z?X’Ug @ ETS(O')|U7

=1

and for each ¢ € C*(U, E;,(») ® Ey|v),

6= 6D
j=1

The product connection is given by

m

VER@EE(g) = Y (VE)(¢y) @ ;.

J=1

Then the Dirac operator is described as follows

d
L) =D e Ve " (g)
=1

d m
= e (V) ) ® )
d m

=33 e (V) (g5) @ vy). (5.3)

=1 j=1

We consider the pullbacks ETS(U), EX to X of E: (), £y, respectively, then, Ex =
X x V,. We have

C(X,Epr)® Ey) 2 C(X, Ep) @ V.

With respect to this isomorphism, it follows from (5.3) that the lift E)ﬁ((a) of the
twisted Dirac operator D (o) to X is of the form

Di(0) = D(0) @ Idy, . (5.4)
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5.2 The trace formula

The square of the twisted Dirac operator (D% (c))? acting on smooth sections of
E; 0y ® E, is not a self-adjoint operator in general. Nevertheless, its principal

El

symbol is given by
T pt o2 (#:8) = [P @ 1w, yer)., 2 €X, EETX,E#0.

Therefore, it has nice spectral properties. We recall from Appendix A, Lemma
A.10 that its spectrum is discrete and contained in a translate of a positive cone
CccC B
Let D% (o) be the lift of D%(0) to the universal covering X. We recall equation
(5.4),
Di(0) = D(o) ® Idy, .

Hence,

(Di(0))* = (D(0))* ® Idy, (5.5)

We recall the definition of the operator A? (o) acting on C**(X, E(0) ® E,) from
Section 4.3.

Ai(a) = @ Aix + c(0),

m+(0)#0

where ¢(0) is as in (4.31). We consider the lift 4% (o) of A%(0) to the universal

covering X. Then,

A(o)= P 4, +clo)

mz(0)#0

= P A ®ldy) +c(o)

mz(0)#0

= P (A-+c(0) ®1dy,. (5.6)

mr(0)#£0

The Parthasarathy formula from [BO95, eq.(1.11)] states

D)= P (A +c(0)) (5.7)

ma(0)#0

If we combine (5.5), (5.6) and (5.7) the Parthasarathy formula generalizes as

(Di(0))* = A (o). (5:8)
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We define the operator D>ﬁ<(<7)e_‘t(’35<("))2 by equation (A.5):

Do) — L

o AV2e 7 (DR (0))2 — A1) ~HdA,

F@,T‘O
from Appendix A. As in [Miilll, Lemma 2.4|, we conclude that Dgic(a)e_t(’l’i("))2 is

an integral operator. Let K’ ()X g its kernel function. Let F' be a fundamental
domain of . We consider the space L*(X, E;, S (s) (X)EX)F of sections f of . 5@ E,

such that f(v7) = x(7)f(Z), Vy e, 7 € X.
FOI“fELQ(X,ETS(S)®E ) LQ(X E ()®E ) we have

Di (g)e 1Pkl /KW x,y) f(y)dy
/ (K77 (@, 5) © 1y, ) f (5)dy
= Z/ (@, vy) ® x(7v) Idv, ) f(¥)dy, (5.9)

yel’

where x,y € X and x,y € X are lifts of , Yy to X respectively. The kernel function
KZS(U) is the kernel associated with the operator D(c)e tP(@ )?. Tt belongs to
the Harish-Chandra L?-Schwartz space (€(G) ® End(V;,(,)))**¥. Hence, we can
interchange summation and integration in the right hand side of (5.9) and get

K7 (z,a') = K7 (97" 9) @ (),
~yel

where x =T'g, 2’ =T'¢, 9,9 € G.

By [Miilll, Proposition 2.5], Di(a)e‘t(Di (0))” i3 a trace class operator, and its trace
is given by

Tr(DE (o) PROD’) = S try(y /trKZS(”)(glvg)dg-
vel ne
We put
k7 (g) = tr K7(g). (5.10)

We use the trace formula (3.20) from Section 3.2,
Te(DE () “PXED") — dim (V) Vol(X)(kTS(“))(e)

]_ Ts(g 7’Ll )\
—l—%[; (7 X:tram7 /@(m .

vI#



5.2. THE TRACE FORMULA 69

We continue analyzing the trace formula above in terms of characters. We want
to compute the Fourier transform @07,\(@5(0)) of sz(a). Following [MS89| we let
(m,H,) be an unitary admissible representation of G in a Hilbert space H,. We
let H{2° be the subspace of of smooth vectors of H,. We set

r (K77 = /G w(9) ® K (g)dg. (5.11)

This defines a bounded trace class operator on H; ® V7 ). Then, as in Section
4.2 (equation (4.17)),
Te(r(k[*)) = Te(R(K])). (5.12)

Let (X;)%, be an orthonormal basis of p. We consider the operator acting on
(H3° @ Vi)™, defined by

Droy(m) = 3. X, - (n(X,) © 1d). (5.13)

=1

In [Pfal2, p.77], it is proved that IN)TS(U) (m) maps (HX®V;, (0))" to (KX @V, ())".
By (5.11) we have

FKPT) = e O D, (1) o T(H), (5.14)

where
() = / 7(g) ® Hf*©dg.
G

The kernel function H;*) corresponds to the integral operator
PO f(g) = e [ HE g )1 )
G

where (D(0))? as in (5.7). We have that HZS(J) belongs to the Harish-Chandra
Li-Schwartz space (C1(G) ® End(V;,(»)))**X.
Similar to Section 4.2, we have for the operator #(H;"”)) that relative to the
splitting,

He ® Viro) = (Ha ® Vo))" @ [(Hr ® Vo))" T

it takes the form o)

with 7(H;*“)) acting on (H, ® Vo)), Then, it follows that

™ 1d = n(H]), (5.16)



70 CHAPTER 5. THE TWISTED DIRAC OPERATOR

where Id denotes the identity on the space (H2°®V;, (»))* (|[BM83, Corollary 2.2]).
We have (H, ® Vi, (o) = (HX @ V()" and

Tr(w(kf(g))) = e(ﬂ'(ﬂ)—c(d))t Tr(ﬁrs(o) (W)|(H$®VTS(J>)K)' (517)
We recall that the representation space of 74(o) is given by

Vo) = Vro) ® S.

El

Let 7 be the unitary principal series representation 7, ) defined as in Section 3.2.
By [MS89, Proposition 3.6] we have for (¢',V,.) € M,

Tr(Dsy o) (Tor2)) = AN dim (Ve @ Vi) @ STHM — dim(V @ Vioy @ ST)M). (5.18)

Following |Pfal2, Corollary 7.6] we let ¢’ be the contragredient representaion of
o'. Since ¢’ = o', we observe by equation (5.1) in Proposition 5.1 that for v, > 0,

[dim(Vy @ Vi) @ SHM — dim(Vyy @ Vo) @ ST)Y] = [0 —wo : 0] (5.19)

Since o’ € M we have that o’ € {o,wo}, otherwise the right hand side of (5.19)
vanishes. If we put together (4.43), (5.17), (5.18) and (5.19) we obtain

@U/,,\(kzs(g)) =X ™, if o=0 (5.20)
@a’,/\(kzs(a)) = e ™ if o' =wo (5.21)
@g/,,\(kzs(a)) =0, if o ¢ {o,wo}. (5.22)

For the identity contribution we use the fact that when s is restricted to M it
decomposes as s + s~. Furthermore st and s~ are connected by the relation
s~ = wsT. The Plancherel polynomial is an even polynomial of A (cf. section 3.2)

and also P+ (i)\) = Pyg+(—iA) = P,—(i)). Hence,

-5 [t m

ceM

— / Ae ™ P (i\)dA + / —Xe=™ P (iX)dA = 0. (5.23)
R R

For the hyperbolic contribution we use (5.20)—(5.22).

Tr(pi(a)e—t(Di(U))Q) _ % Z L) tr(x (v >D(EYU)§1F(/3) wo(m,))) /)\e—t)\Qe—il(v))\d)\‘

[v]#e R
Equivalently,
2 —2mi () tr(x(7) ® (o(m,) —wo(my))) _p
Tr(D! (o)e t(Pk(@)?) — 7 1)) 1) /4t
(Do) )= 2 T D)

All in all, we have proved the following theorem.
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Theorem 5.2 (trace formula for the operator D (a)e_t(Di("))Q). For every o € M,

Tr(D)ﬁ((U)e—t(Di(a))z) — Z (_Qm P(y) tr(x(y) @ (o(m,) — wo—(mV)))e—lQ(v)/M'

o7, (Amt)>2 nr(y)D(v)

(5.24)

5.3 The eta function associated with the twisted
Dirac operator

In this section we recall at first the definition of the eta function of the twisted
Dirac operator D)ﬁ((cr). It is important for the proof of the functional equations
of the Selberg zeta function to derive a formula that connects the eta invariant
1(0, D% (0)) and the trace Tr(Df((a)e_t(Di(U))Q). In the following definition, we use
the notion of an Agmon angle and the discreteness of the spectrum of the twisted
Dirac operator, which are explained in detail in Appendix A.

Definition 5.3. The angle 6 is an Agmon angle for an elliptic operator D, if it
is a principal angle for D (cf. Definition A.3., Appendix A) and there exists an
e > 0 such that

spec(D) N Lig—co4c = 0,

where L; is a solid angle defined by
Ly :={pe : pec (0,00),0 € I C[0,27]}.

Definition 5.4. Let 6 be an Agmon angle for D! (o) and let spec(D%(0)) = {\ :
k € N} be the spectrum of D)ﬁ((a), contained in some discrete subset of C. Let
my = m(Ag) be the algebraic multiplicity of the the eigenvalue Ay (cf. Definition
A.9., Appendix A). Then, for Re(s) > 0, we define the eta function (s, Di(a))
of D%(0) by the formula

m(s, Di(a) = Y mi(M)g®— D mu(=M)g” (5.25)

Re(Ag)>0 Re(A;)<0

It has been shown by [GS95, Theorem 2.7] that 1(s, D (c)) has a meromorphic
continuation to the whole complex plane C with isolated simple poles and is regular
at s = 0. Moreover, the number 74(0, D%(0)) is independent of the Agmon angle
0. We call the number 74(0, D%(0)) = 7(0, D%(0)) the eta invariant associated
with the operator D% (o).

We give here a short description of the proof. Definition 5.4 can be read also as

779(57 D)ﬂ(<0)) = C9(57H>7 Di(a)) - C9<57H<7D§<(0->>7
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where II. (resp. II.) is the pseudo-differential projection whose image contains
the span of all generalized eigenvectors of Di(a) corresponding to eigenvalues A
with Re(A) > 0 (resp. Re(A)<0) (For more details see [BK07, Definition 6.16]).
The zeta function (y(s,II, D% (0)) is define for Re(s) > d,

Co(s,0, Di(o)) = Tr(DDi(U)_S), (5.26)

where O = I, Il (cf. [BKO7, p.24] and Definition A.6). Then, the meromorphic
continuation of the eta function arises from the meromorphic continuation of the
kernel of the operator JD? () * and in case we consider additional Re(\) > 0,
from the meromorphic continuation of the kernel of the operator Oe—tPk(@)?,
These operators are defined as follows. We put

_ ! o))2 7 _ —1
RO = [ e (Dh(e)) — A1)

A\,

FQ,TO

where 'y, is the contour defined by I'p,, = I'1U [';Ul's and I'y = {—I—H‘eiez o0 >
r>ro}, Do = {—1+7rpe®: 0 <a< 4271}, Iy = {1472 ry <r < o0},
On I'y, 7 runs from oo to ry, I'y is oriented counterclockwise, and on I's, r runs
from ry to oo (cf. Appendix A, p.141 and Figure A.2 on page 148).

To define the operator Di(a)_s, one has to use the contour I'y, ,,, described as
in [Shu87, p.88]. Let o be an Agmon angle for D¥(c). We assume that 0 is not an
eigenvalue of D! (o). Then, there exists a py > 0 such that

spec(D)N{z € C: |z] < 2py} = 0.

We consider the contour I'y ,, C C, defined as I', ,, = I} UT'; UTY, where I'] =
{rei® o0 >7r>pot, Ty = {poe?® :a < B < a—2n}, I = {ref@2m . py <r <
oo} (cf. Appendix A, p.141). Then, for Re(s) > 0 we define

{ ~1

Di(o) " = — (D (o) — AT :

2(0) o Jo A7 (Di(o) = AId) dx

If we integrate by parts the integral above, the operator (D)ﬁ((a) —A1d)~* will occur.
By (|GS95, Theorem 2.7.]), for k < —d, there exists an asymptotic expansion of

the trace of the operator O(D% (o) — AId) ™% as [A] = oo:

o0 o0

Tr(O(D (o) — ATd) ™) ~ Y " e M7+ “(cjlog A+ ] )A ™,

j=1 =1

where the coefficients ¢; and ¢ are determined from the symbols of D (o) and O,
and the coefficients ¢/ are in general globally determined.
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Let II. be the projection on the span of the root spaces corresponding to
eigenvalues \ with Re(\?) > 0. We consider the Agmon angle 6 fixed and we write
no(s, D2 (o)) instead of n(s, Di(0)).

We define the functions

no(s,Di(U)) = Z A0 — Z A8
Re(A\)>0 Re(N\)<0

Re(A2)<0 Re(A2)<0
(s, Di(a)) = Z A7 — Z A7

Re(A)>0 Re(A)<0

Re(A\?)>0 Re(A\?)>0

By Definition 5.4, the eta function n(s, D (o)) satisfies the equation

n(s, Di(0)) = (s, Di(0)) + m(s, Di (o))

Since the spectrum of (Di(a))2 is discrete and contained in a translate of a positive
cone in C (cf. Figure 5.1), there are only finitely many eigenvalues of (D% (o))
with Re(A\?) < 0.

Lemma 5.5. The eta function n(s,Di(J)) satisfies the equation

1

r(=)

n(s, Di(0)) = mo(s, Di(0)) + / Tr(IL, D (0)e PR " dr. (5.27)
0

Proof. Let A be an eigenvalue of D!(c) such that Re(A\?) > 0. The Gamma
function is defined by

['(s) :/ t~te7tdt, Re(s) > 0.
0

We apply now the following change of variables t — t' = A%t to see

(N~ = %8) /OOO LNt (5.28)

Changing variables and using the Cauchy theorem to deform the contour of
intergation back to the original one, we get

s+1 1 & 2 s—1
M) = / Nt
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Figure 5.1: Finitely many eigenvalues of (Di (0))? with negative real part.
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We mention here that we can use the Lidskii’s theorem ([Sim05, Theorem 3.7,

p.35]) to express the trace of the operator Di(a)e’t(Di("))2 in terms of its eigen-
values \j:
t
Te( D% (o)e Py =3 ™ m (Ar) Awe ™%
Ap#£0
Taking the sum over the eigenvalues A\, of Di(a), counting also their algebraic
multiplicities, we have

Te(IT,. D (o) (D3 (0))*)

& _ IiU 2, s—1
)= F(ﬂ)/o Tr(I1 D% (o)e "PXO ) 2 dt. (5.29)

To prove the convergence of the above integral, we first observe that

Tr(IL D} (0)(D}(0))") %) = /Ole<H+Di<a> PO dy

Tr(IL; DY (0)e —HDY@) )T gy, (5.30)

—

Then, for the first integral in the right hand side of (5 30), we use the asymp-

—t(D(

totic expansion of the trace of the operator Dgc( o)e (Appendlx A, Lemma

A.12.). We have
1 1
/ Te(I1, DY (o)e " PX*)¢ 3" gt = / dim Vy (ao(2)t"? + O(#*?))t'7 dt
0 0
4
dim Viag—— 5.31
< dim Xa08+3, ( )

which is a holomorphic function for Re(s) > 0.
We continue with the second integral in the right hand side of (5.30). We set
¢o := 3 min{Re(A): Re(A7) > 0, # 0}. Then,

’Z )\ke’t’\% < cle%tco.
AL#£0
Therefore,
/ | Tr (11 D% (o)e P ST |dt<c1/ e Rt < oo, (5.32)
1 1

By equations (5.30), (5.31), and (5.32), it follows that the integral in the right
hand side of (5.29) is well defined and hence

n(s,Di(a)) = 770(S7D§<(U)) + F(ir_l)/ Tr(HJrDﬁ( Jet (D% (0))? )t

s—1

2 dt.

0
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CHAPTER

Meromorphic continuation of the zeta
functions

6.1 Resolvent identities

This section is the heart of this thesis. We will provide the proof for the meromor-
phic continuation of the Selberg and Ruelle zeta functions to the whole complex
plane C. The main tool that we will use is the trace formulas for the operators

Di(a)e‘wi(")z, and e~"4%(@) | as well the generalized resolvent identity (Lemma 6.1
below). In addition, the logarithmic derivatives L(s), Ls(s), L*(s) (cf. Lemma 2.8
in Section 2.4) of the Selberg, super, and symmetrized zeta functions, respectively,
occur in the proofs, since they are closely related to the contribution of the hyper-
bolic conjugacy classes in the trace formulas. By this relation, we will obtain the
meromorphic continuation of the zeta functions.

Let A be a closed linear operator, defined on a dense subspace of D(A) of a
Hilbert space H. Let a € C —spec(—A). We set R(a) := (A+ald)™! = (A+a)" .
Then, the resolvent identity states

R(a) = R(b) = (b— a)R(a)R(b),

for all a,b € C — spec(—A). The generalized resolvent identity is described in the
following Lemma.

Lemma 6.1. Let s1,...,sy € C —spec(—A), N € N, such that s; # s; for all

7
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i # j. Then,
N NN
[TrGs)=>" (HSA_SI)R(SZ‘). (6.1)
i=1 i=1 j=1"J !
JFi
Proof. This is proved in [BO95, Lemma 3.5|. O

We will use also the following lemmata.

Lemma 6.2. Let s1,...,sy € C, N € N, such that s; # s; for all i # j and let
[=0,1,...,N —2. Then, we have

is?l(ﬁszisg) =0. (6.2)

=1 j=1
J#i
Proof. This follows from [BO95, Lemma 3.6, applied to s?. O

Lemma 6.3. Let sq,...,sy € C, N € N, such that s; # s; for all i # j. Then,

N N 1
> (H o SQ)etsi =0, (6.3)
i=1 Nj=1"J ¢

J;i
ast — 0T,

Proof. We will use the Taylor expansion of the exponential function e .

We have as t — 0T

([l - S5 () o

i=1 Nj=1"J i k=1 i=1 j=1"J i
J#i J#i
N—-2 (—t)k N
- EE Y (Mt + o - o6,
k=1 i=1 j=1"7J g
JFi
where in the last equality we used Lemma 6.2. O]

Lemma 6.4. Let s; € C such that Re(s?) > 0 for alli = 1,...,N. Then, the
following integral

oo N N 1
b (H@>e‘“$ﬁ“2>&<mwdt (6.4)
0 IRy Nj=177  °k
J#k

converges absolutely.
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Proof. We have as t — o0,

N N

1\ . . B
[E(fsts)onofu-oen o
Rlj=1 \j=177 7k

J#k

for some € > 0.
We use now the fact the P(i)) is an even polynomial of degree 2n (|[Mia79, 264-
265|). If we make a change of variables X' — \\/t, we get as t — 07,

/ ‘e—tx\QpU(z‘)\)‘ d\ = O(t~%?). (6.6)
R
Hence, if we combine (6.3) and (6.6) we have that as t — 07,
NN
/ Z (H 5 2>€—t(8z+A2)Pa<iA)‘d)\ _ O(t_d/2+N_1). (67)
RIG= \G=1% 7 %k
J#Fk

The assertion follows from (6.5) and (6.7). O

6.2 Meromorphic continuation of the super zeta
function

Let N € N. Let s;,7 = 1,..., N be complex numbers such that s; € C —
spec(—Dg((a)z). We consider the resolvent operator

R(s?) = (D (0)" + %)L,

We want to obtain the trace class property of the operators

[T A

Di (o) H R(s?).

In order to obtain the trace class property of these operators, we take sufficient
large N € N, such that

oforN>%l,

Tr(H R(s?)) < 0. (6.8)
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oforN>g+1,
N

Te(D (o) [ R(s?)) < oc. (6.9)

=1

We denote the space of pseudodifferential operators of order k by ¥ DO*. To
prove the trace class property of the operators above, we observe at first that
[T, R(s?) € DOV,

Let A be the Bochner-Laplace operator with respect to some metric, acting on
C®(X, E; (o) @ Ey). Then, A is a second-order elliptic differential operator, which
is formally self-adjoint and non-negative, i.e. A > 0. Then, by Weyl’s law, we
have that for N > g,

(A+1d)~N

is a trace class operator.
Moreover,

N
B:= (A+I)V [ R(s})
i=1
is DO of order zero. Hence, it defines a bounded operator in L*(X, E;, ) ® E,).

Thus,
N

[[2G) =(@A+1a)"B

is a trace class operator.

We recall here the following expressions of the resolvents. Let s1,...,sy € C
such that Re(s?) > —¢, for all i = 1,..., N, where ¢ is a real number such that
spec (D% (0)?) C {z € C: Re(z) > c}.

Then,
1 © 2
Di(g)(pi(g)ﬂs?) :/ e—tS?Di(g)e—tDi(a) dt (6.10)
0
(A(o) +s7) " = / ettt @) gt (6.11)
0

Proposition 6.5. Let N € N with N > d/2+ 1. Let s1,...,sy € C with s; # s,
for all i # j such that Re(s?) > —c, for alli=1,..., N, where c is a real number
such that spec (D%(0)?) C {z € C: Re(z) > c}. Let L*(s) := L log(Z*(s; 0, x)) be
the logarithmic derivative of the super zeta function. Then,

(i) [[04e) + ) =53 ([T ) o) (612

J#i
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Proof. By Lemma 6.1 and formula (6.10), we have
il 1 f (o)
2
D)ﬁ((a) H(Du (0) / ( SQ)etSi Di(o)e’mx(") dt.
i=1 j=1 J i
JFi
The operators D (o) Hfil(Di(a)Q +5?)71, and Di(a)e‘tDi are both of trace class.
Then,
N ) o N N u
i U)H(Di(a) —i—S?)*l / Z(H52_82)etszDﬁ( ) —tD3(0)" gt
i=1 € =1 Nj=1"J i
J#i
Ao [ i\f: ﬂ 1 e tsi Dt (U)e—tDi(a) dt
e—0 s — g2 X ’
€ i=1 ];1 2 K3
VE=)

where the limit is taken with respect to the trace norm || Al

= Tr|A|, with
2 - —
A = Di(0) [TV, (DE(0)” + 52)7", or Di(o)e P

. We have

Hence, it is sufficient to show that the limit

R N

N
: S (TI 1 _ts? —tDk (o)
Jim ( : 2)6 T (Df (o)X )dt

85 — 7
R—c V€ =1 “Nj=1 J g

J#i
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exists. We study the behavior of the integral in the equation above as € — 0.
By Lemma 6.3 we have that as ¢ — 07
N , N

S ([oty)et=ow™,

i=1 Nj=1"J
JFi

Also, by [GS95, Theorem 2.7, p.503-504]|, there exists a short-time asymptotic
~tD(o)’

expansion of the kernel of the operator D (o)e

2
Te(D2 (0)e %))~y e 42,
We have that as t — 0T

al al 1 t ()2
Z (H )et“’ﬁi2 Tr(Di(J)e*tDX(U) )| < Ct,
: 52— 2
i=1 j=1"J
JF#i
where C' is a positive constant. All in all, we have proved
N
1 2
Tr(DfC(a) H(Dﬂ( / ( R )ets? Tr(Df((a)e’th(") )dt.
=1 7=1 J
J#i
We apply now the trace formula (5.24) for the operator Di(a)e‘tDi(U)Q. Then, we
get
a 1
# # —ts?
Tr(D; (o) H(D (o) / ( 2 32)6
=1 ] 1 ]
J#i
{ 3 —2mi P(v) tr(x(7) ® (o(my) — wa(mv)))e—ﬁ(w/u}
3/2 :
oz (4mt) nr(y)D(v)
(6.13)
If we use the formula (cf. [EMOT54, p.146, (28)])
oo —l(v)s
/ o ts? 1 P/t g — )
0 (4mt)/? 4mi(y)
equation (6.13) becomes
N , NNy
w0y [0+ -3 Y (1] )
i=1 i=1 j=1 J ¢
2
{ [(y) tr(x(v) @ (a(my) = wa(m,))) }
nr(7)D(7)



6.2. SUPER ZETA FUNCTION 83

Hence, by equation (2.26) we get

(o) [T (0 + =5 (

i=1 =1

—=
u%[o

LS.
Sl

S

O

The meromorphic continuation of the super zeta function follows from the
Proposition (6.5) above.

Theorem 6.6. The super zeta function Z°(s;0,x) admits a meromorphic contin-
uation to the whole complex plane C. The singularities are located at {Sf = +i\;:
A € spec(Di(0)), k € N} of order £my(\g), where mg(Ar) = m(Ar)—m(—A;) € N
and m(+\g) denotes the algebraic multiplicity of the eigenvalue £\y.

Proof. We define the function ®(sy, s, ..., sy) of the complex variables s1, sg, ..., Sy
by

B(s1, 5, 5n) = —%i (ﬂ g is >Ls(si). (6.14)

i=1 Sj=1"J
JF#i

By Lidskii’s theorem and Lemma 6.1 the left side of (6.12) is equal to

>3 (114

A =1 ]1]
J#i

1
)ms()\k))\km = @(Sl752,...,81\/’). (615)

We fix the complex numbers s;,¢ = 2,..., N with s; # s; for 7,5 =2,..., N and
let the complex number s = s; vary. Hence,

(oo

The term of
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which is singular at s = i)\, kK € N is

A | 1
O A p—————
<‘ 85_82)m<k> PR

Jj=2

If we multiply both sides of (6.15) by

we see that the residue of the logarithmic derivative L*(s) at £i)y is ms(Ag).
By (2.26), L*(s) decreases exponentially as Re(s) — co. Hence, the integral

/:O L (w)dw

over a path connecting s and infinity is well defined and

log Z%(s;0,x) = — /oo L#(w)dw. (6.17)

The integral above depends on the choice of the path, because L*(s) has singu-
larities at sk Nevertheless, since all the residues of the singularities are integers,
it follows that the exponential of the integral in the right hand side of (6.17) is
independent of the choice of the path. The meromorphic continuation of the super
zeta function Z°(s; o, x) to the whole complex plane follows.

O

6.3 Meromorphic continuation of the Selberg zeta
function

We study first the case (a). Let N € N with N > d/2. Let s1,...,sy € C with
s; # s; for all i # j such that Re(s?) > —C, for alli = 1,..., N, where C is a real
number such that spec (4% (0)) C {Z € C: Re(z) > C}.

By Lemma 6.1 and equation (6.11) we have

ﬂmﬂ / Z(HSQ_S) 152 ot AE0) gy

=1
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Arguing as in the proof of Proposition 6.5, we can plug the trace in both sides of

the equation above.
Then,

N
1
Tr 1_[(141j / ( 2 ) et Tr et gy,
5 ;

i=1 =
;e

We insert now the trace formula (4.45) for the operator A% (o) and get

nfleiorn = 73 (ts)e

i=1 j=1"7
J#i

dim(V,) Vol(X) | e~ P, (i\)dA ) D,
{ im(Vy) Vol( )/Re o (iA) +{;¢em sym(%U)W} t.

Hence,

T [T o) + 907" = dim(3) V(%) / b (

i=1
N 00 N _ 2
Z/ H I(7) Lo (i) 1(7)?/(4t) Y
o1 % () e [
J#

(6.18)

—=
[
<o
| |~
[
Do

l

) e~ e P (i\)dAdt

The first sum in (6.18), which involves the double integral can be explicitly calcu-

lated. We set
AT

By Lemma 6.4, we can interchange the order of the integration and get

I = —HSTHN) P (i \)dtd .
[ (Mt ) omon

j=1"J
J#i

)e—tS?e-WPU(M)dAdt.
j=1 J %i
J#i
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By [BO95, Lemma 3.5] and since P, is an even polynomial, we obtain the following
convergent integral

1_/Z< e >(A2isg)a(m)dx

J#i

Using the Cauchy integral formula we have

I= i (ﬂSQiSQ)SﬁZPU(Si). (6.19)

=1 j=1 J
J#i
For the second sum in (6.18) we use the formula (cf. [EMOT54, p.146,(27)])
o0 —U()?/(4t) 1
—ts2€ _ —sl(7)
—————dt = —e . 6.20
/0 ‘ (4rt)1/2 25° (6.20)

Hence, equation (6.18) becomes by (6.19) and (6.20)

TrH<A§<<o>+s?>1:Z(H : )gdim<vx>Vol<X>P<si>

i=1 i=1 \j=1 SJ -5
JF#i
+Z H ! > LO) i )00, (6.21)
2s; 55 — 57 e nr(y)
y]#e
J#l

By (2.24) we have that the sum over the conjugacy classes [y] of I' in the right
hand side of (6.21) is equal to the logarithmic derivative L(s;) = < log(Z(ss; 0, X)
of the Selberg zeta function. Hence,

[T+ = 3 (TL s ) = dim() Vol () P(s)

i=1 i=1 “Nj=1"J
J#

i Z 2s; (H 52 i 2 )L(SJ (6.22)
=

We will use the equation above to prove the following theorem.

Theorem 6.7. The Selberg zeta function Z(s;o,x) admits a meromorphic con-
tinuation to the whole complex plane C. The set of the singularities equals {sf =
+iv/t : ty € spec(Aﬁ( ),k € N}. The orders of the singularities are equal to

m(tx), where m(ty) € N denotes the algebraic multiplicity of the eigenvalue ty.
For ty =0, the order of the singularity sy is equal to 2m(0).
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Proof. By (6.1) and (6.22) we get

Tfi (ﬂsgiﬁ)(&((o)wi)l = i ( |

- . S — 52 S;
i=1 j=1J i=1 j=1 )
i i
AN GS |
* Z 2s; H 52 — SZ)L(Sl)
=1 ]:1 J 7
JF
Equivalently,
N , N 1 1 N , N 1
Z (H o 32) Q—SiL(si) - Z (H 5 52) S dim(V,) Vol(X) P(s;)
=1 7j=1 J ? =1 7=1 J 1
j#i JF
N , N
3 (Hsf—s%)tws?’
k=

(6.23)

If we multiply equation (6.23) by 2s1, we obtain

= 2) 251 dim(V,) Vol(X) P(s:)

i(ﬁﬁis?)%msi)__i(-

2 _ )
j=1"J ¢ im1 \j=1 % T S/ S
J#i J#i
N N
+ZZ (H s? — 32)2 Y+ 52
A i=1 j=1 J ? ¢
J#i
(6.24)
Let ¥(sy,...,sn) be the function of the complex numbers sy, ..., sy, defined by
N N 1 5
1
U(s1,...,SN) ::Z(H 5 Z)fL(si).
: Llst—57)s;
=1 j=1 J v
J#i

We fix the complex numbers s;,¢ = 2,..., N with s; # s; for 7,5 =2,..., N and
let the complex number s = s; vary.
Put

U(s,...,sn) =¥(s).
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Then, equation (6.24) becomes

Llg2 2]
i=1 j=1J ?
J#i
N , N
2.2 (H 2 2)23 2
o\ S TS t, + s;
JF#i
(6.25)
where s; = s. The term that contains the logarithmic derivative L(s) in ¥(s) is of
the form
A
j=2 "
The term of

Y& m(ty)
S (T )2t
e i=1 Nj=1"7 i k i

J#i

which is singular at 4i\/#;, k € N is

f[ L\, mit)
52 — 52 ty + 82

j=2J

We multiply both sides of the equality (6.25) by

Then, the residues of L(s) at the points +iv/t; are m(ty), for k& # 0, and 2m(0)
for k = 0.
By (2.24), L(s) decreases exponentially as Re(s) — oo. Hence, the integral

Lmmew

over a path connecting s and infinity is well defined and

log Z(s;0,x) = — /OO L(w)dw. (6.27)
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The integral above depends on the choice of the path, because L(s) has singular-
ities. Since the residues of the singularities are integers, it follows as in the proof
of Theorem 6.6 that the exponential of the integral in the right hand side of (6.27)
is independent of the choice of the path. The meromorphic continuation of the

Selberg zeta function Z(s; o, x) to the whole complex plane follows.
]

6.4 Meromorphic continuation of the symmetrized
zeta function

We examine now the case (b). We use the same reasoning as in case (a). Let
N € N with N > d/2. We choose s1,...,sy € C with s; # s; for all i # j
such that Re(s?) > —r, for all i = 1,..., N, where r is a real number such that
spec (A% (0)) C {z € C: Re(z) > r}.
Then, by Lemma 6.1 and equation (6. 11) we have

N

[Ttaiio)+s7 = [ z (H o ) et giato) gy
i=1 j=1
J#i

As in the proof of Proposition 6.5, we can consider the trace of the operators in
the formula above and get
N

1
1_[(14ﬁ / ( ) et T e 4% gy,
§2— 2

=1 ]1]
JFi

tA%(

We insert the trace formula (4.46) for the operator e *4x(?) and get

N

Te [J (A%, (0) + 537! =

i=1
]. 2 2
/ ( p Sg)etsi{Qdim(VX) Vol(X)/et)‘ P,(i\)dA
— =5 R

Jj=

J#
() e l)? /4t
+ [g - Lsym V0 4+ WO ) ——— (T2 dt. (6.28)
The first sum in the right hand side of ( 8) includes the double integral

-

7j=1
JF#i

) e~ e P, (iN)dAdL,

SJ—S
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which has been computed in the Section 6.3. Equation (6.19) gives

()

i=1 Nj=1"J g
JF#i

Hence, equation (6.28) reads

Tr[[(A4o) +s5)7 =) (

I g)gzdimw)()wl(mpxsi)

. 5 S ST — S
=1 i=1 “Nj=1 ¢
J#i
N N
1 1 l(V) —s31(7)
+ E %, (H o2 32) E —np(’y)Lsymw’ o+ wo)e :
=1 ?;i J [V#[e]

By (2.25) we can insert the logarithmic derivative Lg(s) of the symmetrized zeta
function. Then, we get

N

Tr H(Aﬂ - (H e ) 512 dim(V, ) Vol(X) P,(s;)

i=1 = j=1"J i
J#i

+Z(HS L );Zm ) (6.20)

— j= 1 j
JFi

Equation (6.29) will give the meromorphic continuation of the symmetrized zeta
function.

Theorem 6.8. The symmetrized zeta function S(s;o,x) admits a meromorphic
continuation to the whole complex plane C. The set of the singularities equals
{sf = Fiy/ug : i € spec(Ai (o)), k € N}. The orders of the singularities are equal
to m(py), where m(ug) € N denotes the algebraic multiplicity of the eigenvalue puy,.
For 19 = 0, the order of the singularity so is equal to 2m(0).

Proof. Lemma (6.1) and equation (6.29) give

ZZ(HS ) =§J(ﬂ s ) T2din() Vol (X) P (s)

e =1 Nj=1"J i1 Nj=1 % %/ S
J# J#
N N 1 1
-+ E ( | | 2 2)—[15(8@)
LY s — 57 ) 2s;
=1 ]:1 J 7
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We multiply the last equation by 2s; get

S5 (s )2 20, 5 (] o ) 22 vy Vol )

pr =1 j=1"J i=1 Nj=1"J z

JFi JFi
S1
—Lg(s;). 6.30
+Z<HSJ_S>31‘ s(s:) (6.30)
J#
We define the function =(sq, ..., sy) of the complex variables si, ..., sy by
al il 1 S
— 1
Z(s1,..-,SN) ::Z(H 5 2)—_Lg(si).
: 5 — 87 ) S
=1 j=1"J
JF#i

We fix the complex numbers s;,¢ = 2,..., N with s; # s; for 7,5 =2,..., N and
let the complex number s = s; vary.
Then,

and equation (6.30) becomes

ZZ(Hz 2)’ M(i”:i(ﬁ - ) iV VoI P, )

pr =1 j=1 J j=
J#i J#

+2(s). (6.31)

The term that contains the logarithmic derivative Lg(s) in Z(s) is of the form

(ﬂ rlsz) Ls(s). (6.32)

j=2 77

The term of

m(pix)
J#Z

which is singular at s = +i,/ux, k € N is

N
1 m(pu)

5 5 |25 5
S5 87— s Uk + 8

Jj=2
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We multiply both sides of the equality (6.31) by

Then, the residues of Lg(s) at the points +i\/p are m(uy), for k # 0 and 2m(0),
for k = 0.
By (2.25), Ls(s) decreases exponentially as Re(s) — oco. Therefore, the integral

/:O L (w)dw

over a path connecting s and infinity is well defined and

log S(s;0,x) = — /00 Ls(w)dw. (6.33)

The integral above depends on the choice of the path, because Lg(s) has singu-
larities. Since the residues of the singularities are integers, we can use the same
argument as in the proof of Theorem 6.6. If we exponentiate the right hand side of
(6.33), then this exponential is independent of the choice of the path. The mero-
morphic continuation of the symmetrized zeta function S(s;o,x) to the whole
complex plane follows.

m

Furthermore, we have the following theorem.

Theorem 6.9. The Selberg zeta function Z(s;o,x) admits a meromorphic con-
tinuation to the whole complex plane C. The set of the singularities equals to
{sf =i\ M € spec(D(0)),k € N}. The orders of the singularities are equal
to 2(£ms(Ae) + m(A2). For Ao =0, the order of the singularity is equal to m(0).

Proof. We observe at first that

Z(s;0,x) = \/S(s;0,x)Z%(s;0,X).

Recall that by equation (5.8) we have A% (0) = (D%(0))?. Hence, we can identify
the eigenvalues 11y, of A% (o) with A}, where A, € spec(D?(0)). By Theorem 6.6 and
Theorem 6.8, the product S(s;a, x)Z%(s, 0, x) has its singularities at sp = +i\,
of order +m,(\;) + m(A2). We need to prove that the order of the singularities
of Z(s;0,x) is an even integer. This follows from the definition of the algebraic
multiplicities m4(A\x), m(A2) and the constuction of the locally homogenous vector
bundles E(0), E-,(») associated to the representations 7(= 7,), 7s(0) of K. By
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Proposition 4.6 together with equation (4.27), and Proposition 5.1 together with
equation (5.2), we can choose representations 7 of K, such that i*(7) = o +wo and
E(0) = E; (s) up to a Zy-grading. Then, the twisted Bochner-Laplace operators
Agc(a) associated to the representations 7, 74(0), respectively, coincide. Hence,
ms(Ax) = m(A2) mod 2. The assertion follows. O

6.5 Meromorphic continuation of the Ruelle zeta
function

In this section we will prove the meromorphic continuation of the Ruelle zeta
function to the whole complex plane C . In view of the previous results, in sections
6.3 and 6.4, we will use the meromorphic continuation of the Selberg zeta function.
Furthermore, we will use Theorem 6.10 below, which provides a representation
of the Ruelle zeta function as a product of Selberg zeta functions with shifted
arguments.

Let the identification ai. = C > A. Let o > 0 be the unique positive root of
the system (g,a). Let A: A — C* be the character, defined by A(a) = e*(log®),

Let n¢ be the complexification of the Lie algebra n. Let v, := AP Ad,.(MA) be
the representation of M A in APn¢ given by the p-th exterior power of the adjoint
representation:

vy = AP Ady.: MA = GL(APng), p=0,1,....d—1.

Forp=0,1,....,d—1,1let J, C {(¢p,\): ¢, € M\ € C} be the subset consist-
ing of all pairs of unitary irreducible representations of M and one dimensional
representations of A such that, as M A-modules, the representations v, decompose
as

Mg = @ Vi, ®Cy,

(p,NETp
where C\ = C denotes the representation space of A.
For 0 € M we define

Zy(sio) = ] ZGs+p=Xp@0,%). (6.34)
(pr,A)GJp

We have then the following theorem, which gives a representation of R(s; 0o, x) as
a product of Z,(s; 0, x) over p.

Theorem 6.10. Let o € M. Then the Ruelle zeta function has the representation

d—1
R(s;o,x) = [[ Zo(sio )" (6.35)
p=0
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Proof. By (2.13) we have

1 e(=s=2p+0)l(7) tr(wp(m))
log Z(s+p—Np®0a,x) = — %ﬁ:@ ) tr(x(y) ®@o(my)) ot = Ad(ma)s)
(6.36)
We use now the fact that
det(1 — Ad(mya,)z) = (—1)d_1af{2pdet(1 — Ad(mya-)n). (6.37)

Hence if we insert (6.37) in (6.36), we get

—sl(7) pAU()
log Z(s+p—X; @0, x) = (=1)° Z . tr(x(v)®o(m,)) ¢ tr(wp(m))‘
[v]#e

nr(7) det(1 — Ad(myay)n)
(6.38)
We have
d—1
logHZ sio,x) Y’ ZlogZ (s;0,x) Y
p=0 p=0
d—1
= (—1)Plog Z,(s; 0, x)
p=0
d—1

I
(]

(—rlog [ ZGs+p—Nvy©a,x)

p=0 (Yp,N)EJp
d—1

S S o (z<s Fp= Xty @0
p=0 (¥p,N)EJp
d-1

= ( —1)¢ Z tr (x(7) ® o (m,))e™O
p:O

Z(wp,,\)er MO )tr(¢p( )
det(1 — Ad(mya,)n) )’
(6.39)

where in the third line we used the definition (6.34), and in the last line we used
equation (6.38).
We recall now the that for any endomorphism of a finite dimensional vector space

W, we have
o

det(Idy —W) = > " (=1) tr(APWV).

p=0
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If we apply this identity to Ad(m.a,), we get

= nes, €1 tr(iy(m))
det (1 — Ad(myay)n)

=1.
:o

S

Hence, by (6.39) we have

d—1
logHZ (s;0,x) V" v) ® a(m,))e s
p=0 e
= log R(s; 0, X),
by equation (2.19) in the proof of Proposition 2.5. O

Theorem 6.11. For cvery o € J\/Z, the Ruelle zeta function R(s;o,x) admits a
meromorphic continuation to the whole complex plane C.

Proof. e case(a) The assertion follows from Theorem 6.7 together with Theo-
rem 6.10.

e case(b) The assertion follows from Theorem 6.9 together with Theorem 6.10.
[
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CHAPTER

The functional equations

After proving the meromorphic continuation of the Selberg and Ruelle zeta func-
tion in Chapter 6, we continue with providing functional equations for them. We
will derive functional equations for the Selberg zeta function in case (a) and (b)
(Theorem 7.2 and 7.6, respectively), the symmetrized zeta function (Theorem
7.4), and the super zeta function (Theorem 7.5). Furthermore, we will use these
functional equations for proving the functional equations for the Ruelle and super
Ruelle zeta function (Theorem 7.9 and 7.10, respectively).

7.1 Functional equations for the Selberg zeta func-
tion

We consider at first case (a). We use the formulas from the previous chapter,
which were derived from the generalized resolvent identity. Hence, we consider the
statement below as a corollary of Theorem 6.7.

Corollary 7.1. The logarithmic derivative of the Selberg zeta function satisfies
the following functional equation

L(s) + L(~s) = —dr dim(V}) Vol(X) P, (s). (7.1)

97
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Proof. We recall here equation (6.23)

— 2
= j=1"J i=1 j:ls‘ 5
J#i J#i
N , N
+XY (1l ) ;
oo\ s;—S; ty + s;
J#i
We fix again the complex numbers ss,...,sy € C and we let s; = s € C vary.

Then, we substitute s — —s. The resulting equation will differ from (6.23) in the
terms for ¢ = 1. i.e.

N N
1 1 1 1
(M) 520~ (T ) b
]:2 J ]:2 J
i G

Also, since the Plancherel polynomial P,(s) is an even polynomial of s,

(ML) Dt Vol 2s) o (T g ) im0 Vol o).
= =

We subtract the resulting equation from (6.23).
In an obvious way the sum that includes the term

(H32—32)tk+s)2

g=2J
J#i

will be canceled out, as well as the terms that include the fixed complex numbers
S2,...,Sn. Hence,

(H82—32)2s L(s) + L(~s)) = (H32—52>2W dim(Vy) Vol(X) Py (s).

J#i J#i

We multiply the above equation by the function

N
2s H(s? — 5%
j=2
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Then we have

L(s) + L(—s) = —4r dim(V}) Vol(X) P, (s).
O

Theorem 7.2. The Selberg zeta function Z(s;o,x) satisfies the following func-
tional equation

Z(s;0,X)

Z(—s:0X) = exp < — 4 dim(V},) Vol(X) /Os P,,(r)dr). (7.2)

Proof. We integrate once over s and we exponentiate equation (7.1). The assertion
follows. [

We consider now the case (b) and we use the same method as in case (a). The
following Corollary is a consequence of Theorem 6.8.

Corollary 7.3. The logarithmic derivative Lg(s) of the symmetrized zeta function
S(s;0,x) satisfies the following functional equation

Lg(s) + Lg(—s) = =8m dim(V}) Vol(X) P, (s). (7.3)

Proof. We recall equation (6.29) from the previous chapter.

N

Ty H(Aﬁ Z <H e )%2 dim(V,) Vol(X) P, (s;)

+z(ns L) g sl

_ ]1j
JFi

We consider (6.29) at s — —s. We subtract the resulting equation from (6.29).
Using the same argument as in Corollary 7.1, we have

(T ) o)+ 2o =TT ) Zm Vo0 s

] —s2) s
_]22 Jj= =2 J

We multiply the above equation by the function

and we get formula (7.3). O
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Theorem 7.4. The symmetrized zeta function satisfies the following functional
equation

S(s;0,x)

S =P ( — 8m dim(V}) Vol(X) /0 8 Pg(r)dr). (7.4)

Proof. We integrate over s and we exponentiate equation (7.3). The assertion
follows. u

Theorem 7.5. The super zeta function satisfies the functional equation
Z%(s;0,x) 2% (—s;0,%) = eQWin(O’Di(”)), (7.5)

where the n(0, D%(0)) is the eta invariant associated to the Dirac operator D (o).
Furthermore,
Z°(0;0,x) = emin(0.D4(9)) (7.6)

Proof. By Proposition 6.5 we have

N . N
-1 S
il U)H(Dﬁ o = Z(HSQ )L (81)
=1 i=1 “Nj=1 J 5
JF#i
Equivalently,
al 2
21
Z( e ) (s1) = 20 (D} o) [ (Di(o)” + 1))
=1 “j=1 ] v =1
JFi
o N N 1 u
—2%T —ts7 Dt —t(D5()) gt
i rO ;(Hs?—sf)e “(o)e :

where we have employed the equation
(Di(af +57) 7 = / R GNP
0

Using the same argument as in the proof of Proposition 6.5, we obtain

al il 1 f
8 _82 - g 2
g (H - )L = 22/ ( e )e T (DY (o) X)),
5 j

i=1 Nj=1"1J j=1
i J#i

(7.7)
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We fix now ss,...,sy € C and let s; = s € C vary.
Then, as a function of s, the sum

ZN: (ﬁ = i 82>LS(SZ-) (7.8)

i=1 Nj=1"J i
J#i

determines L*(s), up to an even polynomial of s. This polynomial arises from the

finite product
N
1
(=)

j=2 "7

We choose s; such that Re(s;) — oo. Then, in the left-hand side of (7.7), L*(s;)
decreases exponentially. Similarly, in the right hand side of (7.7), we have the
integrals that include the exponentials etst

/ etsi Tr(D)ﬁ((a)e_t(Di(UW)dt.
0

Note that each of these integrals is well defined, since as t — oo, Tr(Dﬁc(J)e_t(DﬁX (@))*)
and 7! decay exponentially, and as t — 0T, we use the asymptotic expansion of
the trace of the operator Di(a)e‘t(Di((’))Q. By Lemma A.12,

Te(DE (0)e 1 PXOD*) o dim (Vi) (o ()2 + O(£¥2)),

with

20 = [ an(a)inta),

where ag(x) is a smooth local invariant, and p(x) is the volume measure determined
by the riemannian metric on X. Consequently, we can write the right hand side
of (7.7) as the finite sum of the integrals

/ et Tr(Df((U)e_t(Di(o)F)dt,
0

multiplied by the finite product

N
1 .
”52.—32’ 1=1,...,N.
7 7

(LS
E
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If we choose now s; € C such that Re(s?) — oo, then the integrals that contain the
term e's! decay exponentially. Hence, we can remove the Zz‘:l <Hj1 @>—
ji B

structure and get
L(s) = 2i / 15" Tr(DF ()P )y,
0

Let I (resp. II_) be the projection on the span of the root spaces correspond-
ing to eigenvalues A of D% (o) with Re(A?) > 0 (resp. Re(A\?) < 0). Recall that
there are only finitely many eigenvalues of D? (o) such that Re(A\?) < 0 (cf. Figure
5.1). We write

L*(s) =2i / e Te(I1, Dt (o)~ (PR gy
0

+2i / Tt Te(T1_ Dt (0)e PR dt, (7.9)
0
We set
I, = / e Tr(H+D§<(a)e—t<D5<<f’>>2)dt (7.10)
0
I = / et Te(I1_ D (o)e P at, (7.11)
0

Then, for the integral I, we have

/ I, = / / e_t“’QTr(H+D§<(a)e_t(D§<(”))2)dtdw
s s 0

:/ / e’t“ﬂTr(HJrD)ﬂ((a)e’t(Di(”))Q)dwdt.
0 5

If we make the change if variables w — \[u we get
/ I, = / / (I, DE (o)~ PR qudt,

We use now the error function
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It holds 5
) T

Hence,

Vts
I il —* ) TH(IL, Dt (o) e " PR\ qudt.  (7.12
/ + — / 2\/‘( ’/T 0 € ) I‘( + X(O’)@ )u ) ( )

_\Vis
—u? - D
/S I, = / 2\/< —7 e )Tr(HJng(( )e PO qudt.  (7.13)
We add together (7.12) and (7.13) to get

/ I + / I, = / \/TfTr(mDi(a)et<D>”<<U>>2)dt. (7.14)
S —5 0

We treat now the integral I_. Since there are only finitely many eigenvalues of
Dt (o) with Re()\?) < 0, we can interchange the order of integration and write

/:OI__/ / ~* Ty(I1_D¥ (0)e —HDXOD*) dtdu
= Z / / —% o= dtdw

Re(A2 <0

A
Re(A2)<0

Substituting at (7.15) s — —s and adding the resulting equation to (7.15), we

obtain
[ref r=fr= > [ e

Re(/\2

By change of variables w +— w' = w/\ we have

R A e S
s —s R Re(A)>0 Re(\)<0

Re(A2)<0 Re(A2)<0
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The sums over A in the equation above are finite, because we sum over A with
Re(\?) < 0 and there are only finitely many eigenvalues such that Re(\?) < 0.
We use now the definition of the function 7o(0, D% (c)) from Section 5.3:

mo(s, DA (o Z A= Y AT

Re(,\2)<0 Re(A\%)<0

Then,
/ I_+ / I =7no(0, D (0)). (7.16)

We recall here equation (6.17)
log Z°(s; 0, ) :/ L?(w)dw,

and equation (5.27)

1 > _ # o s—1
n(s, Di(a)) = no(s, Di(0)) + =1 / Tr(IT, D (o)e (P
0
Hence, by (7.9), (7.14) and (7.16) we get

1OgZS(S;0',X)+10ng(—S;0,X):/ Ls(w)duH—/ L (w)dw
=22

/I+dw+22/ I dw
—}—2@/ Idw+22/ I_dw

= 271 (n1(0, Di (o)) + 1m0(0, Di(0)))
= 27rz7}(0,D§<( ).

Equation (7.5) follows by exponentiation the equation above. We get equation
(7.6) by substituting s = 0 in the equation above . O

We prove now the functional equation for the Selberg zeta function in case (b).
Theorem 7.6. The Selberg zeta function satisfies the following functional equation

Z(s;0,X)

7 v~ _ min(0,D(0)) exp ( —4m dim(VX)Vol(X)/0 Pa(r)dr) (7.17)
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Proof. By Definition 2.8 and 2.9 of the symmetrized and super zeta function,
respectively, we have

Z(s;0,X) :\/ S(s;0,x)Z%(s;0,X)
S(=

)

Z(—s;wo, X) s;wo, )24 (—s; wo, X)
(
(

:¢S®0xﬂs&,) (=s10,x)
S ) 7 )

= ¢min(0.D3()) exp ( — 4 dim(Vy) Vol(X) / Pa(r)dr),
0

where in the last equation we have employed Theorem 7.4 and Theorem 7.5. [

7.2 Functional equations for the Ruelle zeta func-
tion

As in the previous section we will distinguish two cases. In case (a), we prove the
functional equations for R(s;o,x), which relates its value at s with that at —s
(Theorem 7.9). In case (b), we prove functional equations for the super Ruelle
zeta function, which is defined as follows.

Definition 7.7. Let w € Wy, with w # eyw,. We define the super Ruelle zeta

function by
R(s;0,x)

R*(s; = .
70 Risrua, )

The functional equation relates also the value of R*(s; 0, x) at s with the one at
—s (Theorem 7.10). In addition, in case (b), the following equation holds (Theorem
7.10, equation (7.42))

R(s;0,x)

A wod) (DA 0®p)) oy ( — 47 (d + 1) dim(V,,) dim(V,) Vol(X)s).

We recall first from Section 6.5 the representation v, of M A in APnc, given by the
p-th exterior power of the adjoint representation:

vy = AP Ady.: MA — GL(APng), p=0,1,...,d—1.

For p = 0,1,...,d — 1, we conisder J, C {(¢p,\): ¥, € ]\/4\,)\ € C} as the sub-
set consisting of all pairs of unitary irreducible representations of M and one
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dimensional representations of A such that, as M A-modules, the representations
v, decompose as
Apn@ = @ V¢p®(C)\,
(¥p,A)EJp

where C, = C denotes the representation space of A\. By Poincaré duality we have
for p < d%l,

Jic1—p C{(Wp,2p = X) 1 9p, € M, X € C}. (7.18)
We consider now the compact real forms G4, and A, of G¢ and Ac respectively (cf.
[Kna86, p.114]). Then L := G4/M A, is Kéhler manifold of dimension dim(L) = r,
which can be considered as the manifold of oriented geodesics of Xy := G4/ K.
For A € %Z, we extend the one-dimensional representation of A to a representation
of Ag. If A € R such that p + A € Z, then the representation 1, ® A exists as
a representation of M Ay. Let Ey, ) be the holomorphic vector bundle over L,
defined by

E(w =Gy X @A (pr (%9 (C)\) — L.

p

Lemma 7.8. Let (0,V,) € M. Let Py eo(s ) s € C be the Plancherel measure

associated with the representation v, ® o € M p=0,....,d—1. Let f(s) be the
polynomial of s given by

F(5) 1= LR () = (1)'7 Pay_yo5)+
%
P[Py,e0(s+p—A) + Pygo(s — p+ A)]
P=0 (¢, A)er
d—1
= 1)P Py, (s;p; A).- (7.19)
p=
Then,
£(s) = (d+ 1) dim(V,). (7.20)

Proof. Let Aj; the highest weight of the 1,. Then, by the Borel-Weil-Bott The-
orem (cf. [War72, Theorem 3.1.2.2|), we have that the representation space of
the representation of G4 with highest weight A, can be realized as the space of
the zero-Dolbeaux cohomology group H(L, E,n) of Eq, x. Moreover, all the
higher cohomology groups H*(L, Ey, x)) of E(y, ») vanish for i =1,...,r. Hence

dim(H (L, Eqy, »)) = dim(Vy, ® Cy). (7.21)
On the other hand, by the Weyl’s dimension formula (cf. [BO95, p. 47]) we have
dim(V% ® (C)\) = Pwp()\ + p) (722)
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By equations (7.21) and (7.22) we have

T

X(L, E, ) =Y _(=1)?dim(H(L, Ey, )

q=0
= dim(H’(L, Egy, )

Therefore, for o € M ,

P%@a()\ +p) = x(L, E(%@a,x)) (7.23)

Let p < d%. Then, as M Ag-modules, the spaces {Vy, ® V, ® Co_y : (¢, A) € Jp}
in the direct sum below decompose as

@ Viﬁp QRVo@Cs\= @ (pr & C_)\) & (VU ® (Cs)
(¥p,A)EJp (Yp,N)ETp

= APnc* @ (V, ® Cy)
= AP'T* L ® (V, ® C,). (7.24)

Let p > %. Then, as M Ag-modules, the spaces {pr Q@ Ve ®@ Cy_gpin : (Up, A) €
Jp—1+a} decompose as

P Vi,®V.0Cipn= P (V4 oC)e(V,2Ciy)

(¥p,A)E€Jp—1+d (Y N)EJp14a
B (8T, eV, aC)
(¢P92p7)‘)€‘]p71+d
= Anc* ® (V, ® Cy)
= NPT L ® (V, ® Cy). (7.25)

Therefore, by (7.19), (7.23), (7.24), and (7.25) we get
f(s) = X(L APT* L © E, »). (7.26)

We denote by A%(L, Ey, x)) the vector-valued (0, ¢)-differential forms on L. Let
the P-operator acting on A%(L, Ey,») and the Dirac-type operator

/2] /2]
D,:=0+0 : @PA"(L. Ey,n) = @A L, Ey,n)- (7.27)

q=0 q=0
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Let [, be the complex Laplace operator, defined as follows.
O,:=00 +9 90 AY(L, Ey, »)- (7.28)
Then, by Hodge theory applied to UJ,, we have that there is an isomorphism of
vector spaces H™ (L, Ey, n)) = HI(L, Ey, »), where HO4(L, Ey, ) = ker(0,).
Recall also the definition of the index of the Dirac-type operator 0 + B
ind (8 +8") := dimker(d + ") — dim coker(d + 8").
We observe that

X(L, AT L ® E,p) =Y (—1)7dim(HY(L, Eqy, )

q=0
= Z 1)? dim(H(L, By, »))

— Z dim(H*(L, Ey,0)) — > dim(H(L, By, x))

geven godd
= dimker(9 + ") — dimker(d + 9 )*
= dimker(9 + ") — dim coker(9 + )
—ind(0+3).
(7.29)

We will use the index theorem for the operator (9+0 ). By [GV92, Theorem 4.8],
we have

ind(@+9) = / X(TL) A ch(E,.), (7.30)

where x(T'L) denotes the Euler class of the tangent bundle of L, and ch(E, ) is
the Chern character associated to E, ). Since x(T'L) is of top degree, then by the
splitting principle for E, ) into line bundles, we have that ch(E, ) is a zero-from,
and that

Ch(EUV/\) = Cho(Em/\) = dim(EU,)\). (731)

By [BT82, Proposition 11.24] we have that the Euler number for the Ké&hler man-
ifold L equals its Euler characteristic

/Lx(TL) = x(L). (7.32)

By |Bot65, Theorem A|, the Euler characteristic of L is equal to the order of the
Weyl group W (Gg4,T), where T' is a maximal torus subgroup of G4. Then, if we
consider the principle M Ag-fiber bundle G4 over L

Gd — L: Gd/MAd7
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we get
X(Ga) = x(MAq)x(L).
Hence, since x(M Aq) = order(W (M Ay), T), we have

x(Gq)  order(W(Gy,T))

X(L) = x(MAy)  order(W(MAy),T))

One can compute (cf. e.g. [Hei90, p.60]) that
order(W (SO(m)) = 2" 'ml,
where m € N is even. Therefore, we obtain

21712(d 4+ 1/2)!
X = S =12

=d+1.

By equations (7.30), (7.31), (7.32) and (7.33) we have
ind (9 +0) = (d+1)dim(V,).
Hence, by (7.26), (7.29) and (7.34) we get

f(s) = (d+1)dim(V;).

109

(7.33)

(7.34)

(7.35)

]

Theorem 7.9. The Ruelle zeta function satisfies the following functional equation

R(s;0,x)
R<_$a g, X)

= exp ( —4n(d+ 1) dim(V,) dim(V,) Vol(X)s).

(7.36)

Proof. By Proposition 6.10 and the definition of the zeta function Z,(s;o,x) in

Section 6.5. (equation 6.34) we have

(-1
R(s;0,x) = H( H Z(s+p— )M,Dp@ax)) .

p=0 ™ (¢p,\)EJp

Then, equation (7.37) becomes by (7.18)

(7.37)
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Hence,
d—1
R(s;0,x) :< Z (8941 ® 0,X) )<1> :
R(—s;0,X) Z(—s;@b% ® 0, X)

( Z(s+p =N @0, X)Z(s — p+ N1, @ 0, Y) )(””
Z(=s+p=—Np@0,X)Z(=5—p+ X1, ®0,X) '

I 11

p:O (wpv)‘)eJP

We will use the functional equations for the Selberg zeta function from Section

7.1.
By Theorem 7.2 (equation (7.2)), we get

R(L"X)) =exp { — A7 dim(VX) Vol(X) <(_1)d;1 /0S PﬂJ%@U(Tdr)—i_

S 3 (—1)1’( /0 T B ae(r)dr + /O o P%@U(r)dr]))}.

=0 (¢Yp,\)EJp
(7.38)

We set
d—3
. s 2 s+p—A
F(5) = (05 [ Py yonlrdr) + ([ Posatrian
0 ’ p=0 (¢pp,\)EJp 0
S—p+A
+/ P¢p®a(r)dr>
0
Then,
d

%F(S) = f(S)a

where f(s) as in (7.19). We can easily write from Lemma 7.8 above

% ~ exp ( — 4 dim(V}) Vol (X)[(d + 1) dim(V,)s + C]) o (7.39)
where C' € R is a real constant. On the other hand, if we set s = 0 in (7.39), we
get 1 = exp(—4nr dim(V}) Vol(X)C), and hence C' = 0. The assertion follows. [

We exam now case (b). Let 7, be the standard representation of K on APR?®C
. Let (0, V,,,) be the standard representation of M in APR"! @ C. We recall from
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Section 6.5 the representation v, := AP Ad,. of M A on APnc given by the p-th
exterior power of the adjoint representation:

vy = AP Ady.: MA — GL(APng), p=0,1,...,d—1.

Let a > 0 be the unique positive root of the system (g,a). Let \,: A — C* be
the character, defined by A,(a) = e?*1°6@)_ Then as a representation of M A one
has v, = 0, ® A,.
We denote by C, = C the representation space of A,. Then, in the sense of
M A-modules, we have
APne = APRT™! ® C,,. (7.40)

Let D! (o) be the twisted Dirac operator acting on C*(X, E,,,) ® E,). For our
proposal, we define the twist D! (o) of the Dirac operator D% (o) acting on

d—1
P C>(X Er0) @ Ex @ (d — p)APT*X).

p=0

The twisted Dirac operator Df)yx(a) is defined in a similar way as the Dirac
operator D)ﬁ((a) in Chapter 5. We equip the bundle APT*X with the Levi-Civita
connection of X, and we proceed as in Section 5.1.

Theorem 7.10. The super Ruelle zeta function associated with a non-Weyl in-
variant representation o € M satisfies the functional equation

R*(s;0,X)R°(—s;0,x) = 62”"@5’%(”)), (7.41)

where n(D}_ (0)) denotes the eta invariant of the twisted Dirac operator D5 (o).
Moreover, the following equation holds

% = ¢™(Dpx()) exp < —4r(d+ 1) dim(V,) dim(V,) Vol(X)s). (7.42)
Proof. By |[BO95, p. 23|, we have

o, =i (=)’ + (=)' + ...+ (=1)P (1 = 1d), p=1,2,...d—1
sT 4+ s~ =1i"(s), otherwise.

If we take the alternating sum of o, over p we get

U
—_
IS

-1

(=DFo, =i"( Y _(=1)"(d = p)7). (7.43)

3
I
)
i~
I
=)



112 CHAPTER 7. THE FUNCTIONAL EQUATIONS

We write

R(s;0,x) R(=s;0,x)
R(s;wo, x) R(—s;wa, x)
_ _R(s;0,x) R(=s;0,x)
"~ R(—s;wa, x) R(s;wo, )

RS(S; g, X)RS<_sﬂ g, X) =

(7.44)

We will use now the representation (7.37) of the Ruelle zeta function. By the
Poincaré duality we obtain

d—1
R(s;0,x) =Z(s;002 @0, x) ) 7
d—3
2
HZ(s+p— o, ®0,X)Z(s —p+No, 20 x) V.
p=0

If we substitute the expression above in (7.44), we have

d—1
Z(s;001 @a,y) V7

=3 P
HpiO(Z(S + p - )\7 UP ® g, X)Z<S - 10 + )\7 UP ® g, X))(_l)
[L20(Z(=s4p— X0, @wo, x)Z(—s — p+ X0, @ wo, x)) D

d—1

)(*1)T

Z(—s;a% ® g, X

Z(si00 ®wo )

I

d
2

3

p

(Z(=s+p—XNo,0,X)Z(—s —p+ X o, @0,x)) Y

3
o

IS8
w

(Z(s+p—Xop,@wo,X)Z(s— p+ X o, @wa, x)) D"

I w\
o

p

By Theorem 7.5, we get

a—3

_ 2
R¥(s:0, X)R*(—s:0, ) = (XmODA(E80a-12)) (=17 H(eQinn(O,DfC(o@vap)))(—1)1"
p=0

where we used the fact that the Plancherel polynomial is an even function.
Here, Di(a ® 0,) denotes the Dirac operator acting on the space

p
P (X By @ Ex @ (p—i)AT*X), p=0,1,...,d—1. (7.45)

=0
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Finally, we have

R¥(s; 0, Y)R*(—5; 0, X)) = 2™ Zno(-DPn(0.D%(08a))

o271(D} ()

I

where (D} _ (0)) denotes the eta invariant of the operator D (o), which by def-

=

inition of D’f,ﬁx(a) and equation (7.43), is given by
d—1
(D} (o)) = > _(=1)Pn(0, D (0 @ 03,)).
p=0

For the functional equations (7.42) we have

R(s;0,x)° _ R(s;o.x) R(=sjo,x) R(s;o,x) R(s;wo,X)
R(=s;wo,x)?  R(—s;w0,X) R(s;wo, x) R(=s; 0, x) R(—s;w0,X)
— €2i7rn(Dg7X(a)) R(S;U7 X)R(S;UJO’, X)

R(=s;0, x)R(—s;wo, X))’

where we have employed the functional equation for the super Ruelle zeta function
(7.41).
One can easily compute as in the proof of Theorem 7.9 (formula (7.39)) that

R(s;wao, X) ' .
m = exp ( —4n(d+ 1) dim(V,) dim(V,) Vol(X)s),
Hence,
R(s;0,x) __2imn(D5 (o)) _ )
Rl=s;wox)? e exp 2 4(d 4 1) dim(V,) dim(V,) Vol(X)s ).

The assertion follows. O]
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CHAPTER

The determinant formula

We recall first form Appendix A (Lemma A.13) the asymptotic expansion of the

trace of the operator etk @),
Te(e @)~y or dim(Vy) S ayti %, (8.1)
5=0

Definition 8.1. The xi function associated to the operator A (o) is defined by
£(z,8;0) ::/ et Tr(e*tAi(U))tzfldt, (8.2)
0

for Re(s?) > C, where C' € R and Re();) > 0, where \; € spec(A%(0)).

Definition 8.2. We define the generalized zeta function ((z, s; o) by

1 o 2
((z,8,0) = )/ e ' Tr(e’tAi(”))tz’ldt, (8.3)
0

I(z
for Re(s*) > C', where C' € R and Re();) > 0, where \; € spec(A%(0)).

The two functions converge absolutely and uniformly on compact subsets of
the half-plane Re(z) > 4. Furthermore, they are differentiable in s € C.

Lemma 8.3. The i function &(-, s;0) admits a meromorphic continuation to the
whole complex plane C. Furthermore, it has simple poles at k; = %l — 7 with

res(k;j, &(+, 5;0)) = a;.

115



116 CHAPTER 8. THE DETERMINANT FORMULA

Proof. We define the theta function 6(t) associated with the operator e tA (@) by

0(t) := Tr(e*tAi(”)) = Z m(\;)e™™N,

Aj Espec(Ag< (o))

where m();) denotes the algebraic multiplicity of the eigenvalue A;. Then, {(z, s;0)
defined by (8.2) is just the Mellin-Laplace transform of 6(t).

Since the spectrum of Agc(a) is discrete and contained in a translate of a positive
cone in C (cf. Appendix A, Lemma A.11 and Figure A.1), there are only finitely
many eigenvalues \; with Re()\ ) <0.

For N e N Wlth N > 1, we have

e}

N
PN TmA)e ™ = Y m(A)e ™
j=1 j=N+1
< Z e~ tRe(), (8.4)

j=N+1

We observe now that there are only finitely many eigenvalues A; such that
|Aj| < ¢, where c is positive constant. On the other hand, for every positive
constant c there exists a positive integer N such that Re()\ ) > ¢, for every j > N.

We consider an ordering Re();,) <Re();,) <Re(\j;,) < ... of the real parts of the
eigenvalues with Re();) > ¢. Then for ¢ > 1,
Z ()\ —tRe(\ < Z —tRe(\ )/2€7tRe()\j)/2
J=N+1 J=N+1
< eftc/2 Z m(}\j)eftRe(/\j)/2
j=N+1
<e N m()y)e )2, (8.5)
j=N+1

To estimate the last sum, we will use the Weyl’s law for the non self-adjoint
operator A (o). Given a positive constant ¢, we define the counting function N(c)
by

N(ey:= > m\).

Aj Espec(Agc (o))
[Al<e

In [Miilll], the generalization of the Weyl’s law for the non self-adjoint case is
proved. By [Miilll, Lemma 2.2|, we have

rank(E(0) ® E,) Vol(X)

d/2 d/2
()20 (d2 1 1) 4+ o0(c"?), ¢ — o0, (8.6)

N(c) =
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where rank(FE(0) ® E,) denotes the rank of the product vector bundle E(o) ® E,.
To use the Weyl’s law (8.6), we observe that for a real number a > 1 (the slope of
the straight line of the cone, which all the eigenvalues A; of Agc(a) are contained
in), we have

{7 Re(X))] < A} < #{j: [Aj] < ad} < N(ad).
By (8.6), we get

S nogetere 35S e
j=N+1 k=N-+1k<Re();)<k+1
< Y N(k+1)e*?
k=N+1
Z Ci(k 4+ 1)Y2e7*? < o0, (8.7)
k=N+1

where (' is a positive constant.

Hence, by (8.4), (8.5), (8.7) and the definition of the theta function, we have
that given a positive number C' > 0, there exist a positive integer N and K > 0
such that

N
'H(t) =) m\)e™M| < Ke ', t>1. (8.8)

j=1
Furthermore, by the asymptotic expansion of the trace of the operator e~ tA% (@)

(8.1), we have that for every positive integer N,

Zajtﬂ"— (tN75), t— 0.

All in all, we have proved that 6(t) satisfies the assumptions as in [JL93, AS 1,
AS 2, p. 16]. Hence, we can apply [JL93, Theorem 1.5 for p = j — ¢ and obtain
the meromorphic continuation of the xi function. The simple poles are located at

k; = g — j with res(k;, (-, 5;0)) = aj. ]
Let N(0) C C be a neighborhood of zero in C.

Theorem 8.4. For every s €N(0), the xi function &(z,s;0) is holomorphic at
z=0.

Proof. See [JL93, Theorem 1.6]. O
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The generalized zeta function is by definition the xi function divided by T'(2):

(251 0) = ﬁ (2, 5:0). (8.9)

Consequently, it is also holomorphic at z = 0. It holds

=£(0,s;0). (8.10)

2=0

LI

Definition 8.5. The regularized determinant of the operator A% (0)+s* is defined

by
det(Ai(a) + 5%) 1= exp ( - diC(z, s;0) ) (8.11)
< z=0
By (8.10) and (8.11) we get
det(Agc(U) + %) = exp(—£(0, 5;0)).
Equivalently,
log(det(Ai(a) +5%)) = —£(0, s; 0). (8.12)

Theorem 8.6. Let det(Aﬁ( ) + s2) be the reqularized determinant associated to
the operator Al (o) + s> Then

1. case(a) the Selberg zeta function has the representation
Z(s;0,x) = det(A%(0)+5) exp (—27r dirn(VX)Vol(X)/ Pa(t)dt) (8.13)
0
2. case(b) the symmetrized zeta function has the representation

S(s;0,x) = det(Agc(cr)—FsQ) exp (—4# dim(V}) Vol(X) /0S Pg(t)dt). (8.14)

Proof. By the generalized resolvent identity (6.1) and estimates (6.8), we can pro-
ceed as in the proof of Proposition 6.5 to get

N

Tr [ [ (4% (o) / Z (H pe )e—tsf Tr(e 44 dt.

=1 ]1 J
J#i
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We have

(1 ! \1 d :
: il P T2 - | —tA5 (o)
ll_I% i E ( | | 2 33) %5, < dsz-e )t Tr(e )dt

i=1 N j=1"J
J#
N N
1 1 d [
:Z (Hm)g@/ —eitslztil Tr(eitA&(U))dt.
i=1 Nj=1"J i 121 J0
J#i

Hence, the right hand side of (8.15) gives

N N
o 1 1 d
/ E ( | | 5 2) -— < — _e—ts?) TI‘(G_tAg‘(U))dt
((—— i Sj - S5 252t dSi

JFi
N , N
OO 1 1 d —ts z—1 —t Al (o)
:,lzl—% Z(Hﬁ—s)g(_ds-e Z>t Tr(em )t
0 =1 Nj=1"J ! E
JF
N , N
1 1 d - —ts2 -1 —tA5 (o)
-y (H_)ﬂ/ et (e ) gy
=1 j:l J
JF#i

: ( —£(0, s;; J))

—1=
o
oo
| | —
o
DN
~__
|
wn —_
&=~

<L
Yl
S
S0

<)
~

1
VR VR

— =
»
SN
| | —
»
AN
N—
2|
[ —
Y

(log (det(A* () + 32))) :

S
Ml
S -
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where in the last equation we used (8.12). Therefore, (8.15) becomes

1 ts2 #
—tsi —tA5 (o) dt
/ ( s? — S?)e r(e )

5

=1

d
¢ 2
25, ds, log det (A (o) + s7) (8.16)

15"

=

LS.
N

We treat here the case (b). One can proceed similarly for the case (a). The left-
hand side of (8.16) can be developed more, if we insert the trace formula (4.46)
for the operator e ~tA%(®) | We have

1 . o N N 1
—ts? —tA% (o)
i T XN dt = E | |

]_

j=1
JFi JFi
—ts} (2 dim(V},) Vol(X) / e~ P, (iA)dA
R
) tr(x(y ) ‘ e—l()?/4t
+ Z 7) sym(ﬁ)/; o+ 'LUO')W dt.

We use Lemma 6.4 to interchange the order of integration for the double integral

[T

7j=1
J#i

)e“?em P,(i\)dA.

S]—S

As in Section 6.3, we can use the Cauchy integral formula to calculate this inte-
gral. Then, we obtain equation (6.19). For the calculation of the integral that

corresponds to the hyperbolic contribution, we make again use of the identity (cf.
[EMOT54, p. 146, (27)])

/ T O L )
0 (47t)1/2 2s



121

Hence,
o N N 1
/ > (H 2 2)6‘“? <2dlm(Vx)Vol(X> / e P, (iA)dA
0 o NI TS R
J#i
I(y) tr(x (7)) e l()?/4t
Lsym (73 dt
i nr(7) {730+ wo) (47t)1/2
[Vl#e
NorE 1 \2r
=3 (M ) 2 v Vo0 R )
=1 j=1 J 7 2
JFi

_|._
WE
VR
—=
_
[\
N——
_
™
S
=
=
=2
=

~
Il

—_
PN

..
Yl

j=1"4 7i 1
i
YR 1 \on
=> (H . 2) == dim(V;) Vol(X) P, (s;)
5 ST ST — 87 ) S
i=1 “Nj=1J 3
J#i
N N
1 1 L(v) tr(x(7)) , _sil()
+ Z (H 2 _ 32)2—& —nr(v) Ly (v; 0 +wo)e” "),
i=1 tj=1"J ’ [v]#e
J#
(8.17)
We fix now the variables s, .

., 8y € C and let the variable s; = s € C vary.
Then, we can remove the structure

N N 1
S (Maty)
i=1 Nj=1"J v
J#i

and get

ds log det(Ai(U) +5%) =4m dim(V,) Vol(X) P, (s)

() tr(x(v))
*%e ()
+ K'(s),

sym (5 0)e )

(8.18)
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where K'(s) is a certain odd polynomial, which is of the from

N
K'(s) =[] (s = $)25Q(s2, . .., sn).
j=2
The quantity Q(ss,...,sy) comes form the terms that correspond to the sum-
mands over ¢ = 2,..., N and hence it has a fixed value in C, since so,...,sy are

fixed.

Next, we can substitute the term that comes from the hyperbolic distribution of
the trace formula with the logarithmic derivative of the symmetrized zeta function.
By (2.25) we have

d% log det(A% (o) + s%) =4m dim(V}) Vol(X) P, (s)
+ Ls(s) + K'(s).
We integrate with respect to s and we get
log det(Ai(o) + 5%) =47 dim (V) Vol(X) /S P,(t)dt
+log S(s;0,x) + K(zs).
Hence,
log S(s; 0, x) =logdet(A% (o) + s*) — K(s)

— 4r dim(V,) Vol(X) / B, (1)t (8.19)

We want to show that K(s) = 0. For that reason, we study the asymptotic
behavior of all terms in equation (8.19), as s — co. By (2.25), log S(z, s) decreases
exponentially as s — oo.

We use now the asymptotic expansion of log det(Agi((a) + s?) as s — 00, as it is
described in [QHS93, p. 219-220]. We write the short time asymptotic expansion
(8.1) of the trace of the operator e t4x(?) a9

Te(e™ X)) o > gt
v=0

where j, = j — %, and we use formula [QHS93, equation (13)]. In our case, there

are no coefficients c;; that corresponds to integers ji,, because d is odd and hence
J,, = 0. We have

log det(Ai(J) +5%) ~goo Z con—ay/2l ((2k — d)/2)s* 2. (8.20)
k=0
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The right hand side of (8.20) contains only odd powers of s. On the other hand,
the Plancherel polynomial is an even polynomial of s. Regarding (8.19), as s — oo,
we have that an odd polynomial equals an even one. Therefore, the coefficients
C(2k—dy/2 vanish, as well as the coefficients of the even polynomial K(s).

Finally, exponentiating equation (8.19) for K (s) = 0 we obtain

S(s;o,x) = det(Ai(U) + %) exp ( — 4 dim(V},) Vol(X) /05 Pg(t)dt) (8.21)

O

We prove now a determinant formula for the Ruelle zeta function . We define
the operator

[(op®0):0’]
Ao, 00) = @ Al (8.22)
o'eM i=1

acting on the space C*(X, E(¢’) ® E, ), where o € M, E(0") is the vector bundle
over X, constructed as in Section 4.3 and o, denotes the p-th exterior power of

the standard representation of M. We distinguish again two cases for ¢’ € M.

e case (a): o is invariant under the action of the restricted Weyl group W 4.
Then, i*(7) = o', where 7 € R(K).

e case (b): ¢’ is not invariant under the action of the restricted Weyl group
Wy4. Then, i*(1) = 0’ + wo’, where 7 € R(K).

Proposition 8.7. The Ruelle zeta function has the representation

e case (a)
d—1 .
R(s;0,x) = [[ det(4 (0, @ 0) + (s + p— 1))
exp ( —2n(d + 1) dim(V},) dim(V};) Vol(X)s) : (8.23)
e case (b)
R(s; 0, Rls; w0, ) = [ det( 40y 20) + (5 + p = 1)

exp ( —4n(d + 1) dim(V, ) dim(V) Vol(X)s) .
(8.24)
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Proof. We prove the assertion for case (b). One can proceed similarly for case
(a). By Proposition 6.10, we have the expression of the Ruelle zeta function as a
product of Selberg zeta functions. Then, we see

d—1 d—1
R(s;0,x)R(s;wo, x) = H Z(s4+p—Xo,@a0x) H Z(s+p— X o, @wo,x) V"
p=0 p=0

= HS(S +p—XNo,@a,x) V.
p=0

Hence, if we equip the determinant formula for the symmetrized zeta function
(Theorem 8.6.2), we have

d—1
R(s; 0, x)R(sw0,y) = [[ det(4i (0, @ 0) + (s + p— 1))

p=0

exp (§<_1)p<_4w dim(V, ) Vol (X)) /0 T ng®g(t)dt) .

p=0

)p

(8.25)

On the other hand,

d—1

I T ety = | 1t

p=0
where f(t) is defined as in (7.19). Therefore, by Lemma 7.8,

d—1

S (-1 /0 e Py oo (t)dt = (d+ 1) dim(V,)s. (8.26)

=0

hS]

We substitute equation (8.26) in (8.25) and we get

d—1
R(s;0,\)R(s;wo,x) = [[ det(Ai (o, @ 0) + (s + p = 1))

p=0

exp ( —4dn(d + 1) dim(V, ) dim(V},) Vol(X))s).



CHAPTER

Discussion

9.1 Ray-Singer analytic torsion

In this section we will recall the definition of the analytic torsion T#%(x; E, ). Let
X be an oriented compact odd dimensional riemannian manifold. We let (x, V)
be a finite dimensional representation of I'. Let £ be the associated flat vector
bundle over X. We choose a hermitian metric i in F,. Let g be the riemannian
metric on X.

In general, the analytic torsion does depend on the riemannian metric g and
the hermitian metric h. However, by [Miil93, Corollary 2.7], if dim X is an odd
integer and y is considered to be acyclic (cf. Assumption 9.3), then, the analytic
torsion does not depend on g and h. Hence, instead of T#%(x; E,)(g, h) we simply
write TH5(x; Ey).

We follow |[RS71, p.148-151] and [MM63, p.370-372]. Let AP(X, E)) be the
space of smooth differential p-forms on X with values in E,. We define the space
C>(I\G, APp* @ V,) by

C®(T\G, APp* @ Vy) := {f € C®(G): f(kg) = j1;," (k)g,¥g € G,Vk € K,
flvg) = f(9),Vg € G,Vy €T},

where (1, denotes the p-th exterior power of the Ad*-representation of K in p, i.e.
pp = AP Ad": K — GL(APp*).
Then, there exists an isomorpfism

AP(X, B,) = C®(D\G, APp* @ V)

125
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(see [MP13, p. 12, and p. 15]
Let ¢ be a p-differential form on the universal covering X with values in F,.

Then, v € T" acts on ¢ by v*¢ = x(7)®, where the element « acts on X by deck
transformations. Let d, : AP(X, E,) — AP™ (X, E,) be the exterior derivative
operator. Since E) is flat, d, od, = 0. Hence, we obtain a de Rham complex

A(X,E) D5 ANX B 2 - D5 AKX EY).

We denote by HP(X; E,) the p-th cohomology group of this complex.

We want to describe ¢ € AP(X, E,) locally. Let (E) ), be the fiber over z € X
and (E))* its dual vector space. We denote by (-, -) the canonical bilinear pairing
on By, x E}. For z € X, let (dzt,dx?, ... dx?) be the canonical basis of T X,
consisting of C-valued 1-differential forms on X, associated with a local coordinate

system (z1,22,...,2%). Then, ¢ can be written as
O = Z uil_._ipdx“ AL Ada™,
11<...<ip

where u;,. ;, are smooth sections of (E,),. Let w be a g-differential form with
values in the dual vector bundle E; This means that w can be written as

— . . jl jp
w = E Vg, dr?t AN AN daP
J1<...<Jq

where vj, ;, are smooth sections of (£, );. We define the wedge product by the
(p + q)-differential form, given by

ONW = Z Z (Ui, .., Ujlqu>dxi1 Ao AT A drTt A LA dae.

11 <...<ip j1<...<Jq

We define the isomorphism f§ : £, — EY, induced by the metric h, as
B(v) (ua) = (#(v2), ua) = h(va, Ua),
where v, € E7, u, € (Ey);. We extend this isomorphism to
1 AP(X, Ey) — AP(X, EY).
The riemannian metric on X defines an operator
x: AP(X,E,) = AP(X,E,),

acting as
* = Z Uiy gy % (da™ AL A da'),

’i1<...<ip
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where * in the right hand side of the equation above acts as the usual *-operator
on C-valued differential forms on X. For every p = 0,...,d, we have *x =
(=1)P=P)Id on AP(X, E,)). We consider the following composition

xof = (x®Id)o (Id®f) : A’T*X ® By, — A PT*X ® E}.

We define the inner product on AP(X, E,) by

(9, ) ;:/XQAW. (9.1)

Then, the formal adjoint of d, with respect to the inner product (9.1) is the
operator 6 on AP(X, E,) given by

0y = (—1)d(p+1)+1 xof Lo dy ofox.
We define the Hodge-Laplace operator A, ,, : A?(X, E,) O by
Ay p = dyoy + 0,d,. (9.2)

The operator A, , is an elliptic positive essentially self-adjoint operator. Let
HP(X, Ey,) = ker(A,,) be the subspaces of the p-harmonic forms. By Hodge
theory, we have the isomorphism

HP(X;E,) = H?(X,E,).

Let Al , be the restriction of the Hodge-Laplacian A, ;, to the orthogonal com-
plement of HP(X, E,) with respect to the inner product (9.1). We define the zeta
function Ca; (2) of Al , by

Car, (2) = Tr(AY )77

for Re(z) > d/2 (cf. Appendix A, Definition A.6). It is a well-known fact (cf.
|Gil95, Lemma 1.10.1]) that (ar (z) admits a meromorphic continuation to the
whole complex plane C and is regular at s = 0. Similarly to the Definition 8.5, we
define the regularized determinant of Al by

d
det(A’ ) = exp < — @CA/X’P(Z)

z:O) : (9.3)

Definition 9.1. We define the Ray-Singer analytic torsion associated with a finite
dimensional unitary complex representation of I' by the formula

log T (0 By) = 5 D2 (~17Cg (0). (9.4
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Equivalently, by (9.3) the analytic torsion T2%(x; E,) can be expressed by the
regularized determinants of the Laplacians A :

T (x; By) = [[(det(a,,)) 270" (9.5)

p=0

We mention here that since A} is a positive essentially self-adjoint operator, the
analytic torsion is a positive real number, i.e. TH#%(x; E,) € RT.

9.2 Refined analytic torsion

Let x : I' = GL(V4) be a finite dimensional complex representation of I'. Let
E, be the associated flat vector bundle over X. Let V be the flat connection on
E,. As in the previous section, we denote by AP(X, E,) the space of all smooth
p-differential forms on X with values in F,.

The refined analytic torsion T%(x; F,) associated with the representation y
of I, as its name declares, is a refinement of the Ray-Singer analytic torsion
TES(x; E,). Whereas the Ray-Singer analytic torsion is as positive real number,
the refined analytic torsion is, in general, a complex number.

If x is unitary, then the refined analytic torsion can be expressed as the prod-
uct of the Ray-Singer analytic torsion and a phase factor, which involves the eta
invariant of the odd signature operator (cf. Definition 9.2). Hence, in this case the
absolute value of the refined analytic torsion is equal to the Ray-Singer analytic
torsion (cf. Remark 9.8 below).

We begin with the following definitions as they are given in [BK05] and [BKO0S].
Let d = 2n + 1,n € N be the dimension of X. Let x : A*(X, E,) — A (X, E,)
be the x-operator with respect to the riemannian metric g. Let I" be the operator
defined by T := i"(—1)¥*+1/2x acting on A*(X, E,).

Definition 9.2. We define the odd signature operator B = B(V,g) : A*(X, E,) —
Ak (X7 EX) by
B =TV +VI.

Explicitly, for a w € AP(X, E, ) one has
Bw = i"(—1)PPI2(V — Vx)w € APNX, B @ APTY (X B, (9.6)

The odd signature operator is an elliptic operator of order 1, but no longer self-
adjoint. This is because we assumed that y is non-unitary and hence the corre-
sponding flat connection V is not hermitian, i.e. there is no hermitian metric h

in F,, which is compatible with V. Nevertheless, it has a self-adjoint principal
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symbol, and hence it has nice spectral properties. Namely, its spectrum is discrete
and contained in a translate of a cone in C (c¢f. Appendix A). In addition, we can
define as in Definition 5.4, the eta function and the eta invariant of the operator
B. We set

n—1
AMN(X,Ey) = P AP(X, E,)
p=0
n—1
Beven = @D Bap : A(X, Ey) = A“(X, E)),
p=0

where B, denotes the operator B acting on 2p-differential forms. We call the
operator Be,e, the even part of B . Since it acts in differential forms of even
degree, it can be slightly simplified. We have for a w € A*(X, E,),

By = i"(—1)PTV(xV — Va)w € AN (X, B) @ ATFTY X, E). (9.7)

In order to define the refined analytic torsion we need the following two assump-
tions.

Assumption 9.3. The representation x of I' is acyclic, i.e., H?(X; E,) = 0, for
everyp=20,...,d.

Assumption 9.4. The even part B’*" of the odd signature operator is bijective.

We define A% (X, E,) := ker(AT) N A*(X, E,) and A* (X, E,) := ker(AL') N
AY(X,E,), where k = 0,...,d. By Assumption 9.4, we have that A*(X, E,) =
A (X E,) @ A* (X, E,), and hence we obtain a grading on A*(X, E,). We put

AP(X, E,) = ker(AT) N A (X, E, )
A?(X,E,) = ker(TA) N AP(X, E,).

We define
d

AT(X, Ey) = @ Aip(X> Ey),

p=0

and let B{"" be the restriction of B®*" to AY“"(X, E,). Then, B®" leaves
the subspaces AY"(X, E,) invariant. It follows from Assumption 9.4 that the
operators

B AYN(X, By) — AZN(X EY)

are bijective.
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Let 6 € (—m,0) be an Agmon angle for Be,,. Then, 6 is an Agmon angle for
B as well. The graded determinant of the operator B**“" is a non-zero complex
number defined by

detg(Beven)
det,, (Been) = — 2 7
€ly ,9( ) detg(Biven)
We set
1 d
6= 6(V,9.0) = 5 3 (=1 G (0. OV x () (9-8)
k=0

where (), (O, (FV)2|Ak (X.E )) is the derivative with respect to z of the zeta function,
F LB
2
of the operator (I'V) ‘A'i(XﬁEx)
(cf. Appendix A, Definition A.2).

corresponding to the spectral cut along the ray Ry

Theorem 9.5. Let § € (—7/2,0) be an Agmon angle for Beye, such that there are
no eigenvalues of Beyen in the solid angles L_r /20 and L(x/261x. Then

detgr,e(BEUen) — egxe—'hrn(Bm;en)‘
Proof. This is proved in [BK08, Theorem 7.2|. O

Definition 9.6. Let x : I' — GL(V,) be a finite dimensional complex represen-
tation of I', such that Assumptions 9.3 and 9.4 are satisfied. Let the operator
Been s w e A*(X,E,) - A“?PHX,E,) @ A?T(XE,) be as in (9.7), and
0 € (—m,0) be an Agmon angle for B®**. Then, we define the refined analytic
torsion T (X; Ey) € C — {0} by the formula

T;E(X, EX) — detgr79<Beven)eiﬂ' rank(EX)mTw(Bt:;Jn)’ <99)

where 7yiviai(Biriv) denotes the eta invariant of the even part of the odd signature
operator By, associated with the trivial connection on the trivial line bundle
E, triv over X.

y [APS75], if dim X =1 mod 4, then 1.4, (Byrip) = 0. Then, we obtain
T (X; Ey) = detgg(B<"). (9.10)

In general, the refined analytic torsion does depend on the riemannian metric g, as
well as on V and 6. Nevertheless, if we consider the set M (V) of riemannian metrics
g that they are admissible for V, i.e. the operator B¢’" satisfies Assumption 9.4,
then for an acyclic representation x of I (that is Assumption 9.3 is satisfied),
M(V) is non-empty.
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Theorem 9.7. Let E,, — X be a flat vector bundle associated with an acyclic
finite dimensional representation x of I' over a closed oriented odd dimensional
manifold X. Let V be the flat connection on E,. For each g € M(V), the refined
analytic torsion T;(C(X;EX) 1s independent of the riemannian metric g and the
Agmon angle 6.

Proof. See [BK08, Theorem 9.3]. O
Hence, we write T (X; Ey) = T (X; Ey)(g, V., 0).

Remark 9.8. If the representation x of I' is unitary then the expression of &,
in (9.8) coincides with the expression of the logarithm of the analytic torsion
TH(X; Ey) in (9.4), i.e.

& = log TfS(XS Ex)>

Hence, by Theorem 9.5,
e fdimX =1 mod 4,

TE(X; By) = TS (X; Byem ™™,

e ifdim X =3 mod 4,

even

TE(X; Ey) = T (X; Ey)e B grmrank(Emra (Biri?)

If the representation x of T' is not unitary, then by [BK08, Theorem 8.2] we
have
Re(&y) = log T (X Ey).

By Theorem 9.5, we get
’detgne(BeUen)’ — T)?S(X’ EX)eIm(ﬂ-n(Beven)).

Since By, 18 self-adjoint, its eta invariant n(By.,) s a real number (cf. [BKO0S,
Section 9.1]). Hence, for every odd integer d = dim X, we have

|T>(<C<X7 EX)‘ — TXRS<X7 EX)eIm(ﬂ-n(Beven))

Proposition 8.7 gives an interpretation of the Ruelle zeta function in terms of
the determinants of the operators A% (0, ® o) + (s +p—X)?, p = 0.....d. By
definition, the operators AE,X(% ® o) act on the smooth sections of the vector
bundle E(¢') ® E,, where E(0’) is constructed to have a grading

E(¢") = E* (o) ® E (o)
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as in Section 4.3. In an obvious way, the operators AE’X(% ® o) preserve the
grading. Therefore, the determinants that appear in (8.23) and (8.24) can be
considered as graded determinants .

We consider an acyclic representation y of I' for defining the refined analytic
torsion. If one could apply the well-known Hodge theory, then

HP(X; Ey) = 3(X, Ey),

where HP(X, Ey) := ker(A% (0, ® 0) + (p — A)?). In this case, we could easily
get that ker(A4% (0, ® o) + (p — A)?) = 0. The situation now is that one can not
conclude the triviality of the kernels of the operators. Hence, the regularity of the
Ruelle zeta function at zero is not trivial.

Conjectural Equality

e case (a)
R(0;0,X) Hdet op®@o)+(p— )\)2)(_1)?
e case (b)
R(0; 0, ) = e F(Phal Hdet o)+ (p—N) T (9.11)

By Proposition 8.7, we can easily see that once we have the regularity of the
Ruelle zeta function at zero, then, we can take the limit as s — 0 of the right hand
side of (8.23) and (8.24). In case (b), one has to make use the fact that the Ruelle

zeta function can be written as

R(s;0,X) = v/ R(s;0,X)R(s; wa, x) R5(s; 0, x),

and then use the fact that by the functional equation (7.41) for the super Ruelle
zeta function, we have
R(0;0, y) = ™Din(@),

We recall here that from Theorem 9.5 we have
det g, g(B®) = ebxe BT (9.12)

If we compare equations (9.11) and (9.12), by the definition of the refined analytic
torsion TC(X E,), we are motivated to consider the Ruelle zeta function at zero
as a candldate for TS(X; E,).



APPENDIX

Spectral theory

In Chapter 5, we defined the twisted Dirac operator Di(a) acting on the space of
the smooth sections of the product-vector bundle £, ,) ® E,. As we have already
mentioned, this operator is not self-adjoint. We recall equation (5.4) from Section

5.1, which describes the pullback of the twisted Dirac operator to X,
Di(0) = D(0) @ Idy, . (A1)
Therefore, we can write the principal symbol Ok (o) of Di(a)
UDgc(g)(:z:,f) =) ® Idw, ev., *€X, €T X,£#0.

Then, we see that Di(a) is an elliptic operator of first order and so we can study
the second order elliptic differential operator (D%, (0))? and its spectral properties.
Furthermore, we can define the operators e t2*x(@)* and Dﬁc(a)e_t(Dux(“))Q. Be-
fore dealing with the twisted Dirac operator Di(o), the corresponding semi-group

e*t(mx("w, and the operator Di(a)e*t(mx("))z, we give a more general setting.

Setting A.1. Let E — X be a complex vector bundle over a smooth compact
riemannian manifold X of dimension d. Let D : C*(X,E) — C*(X,E) be an
elliptic differential operator of order m > 1. Let op be its principal symbol.

Definition A.2. A spectral cut is a ray
Ry = {pe" : p € [0, 0]},

where 6 € [0, 27).

133
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We have to choose a specific angle 6 € [0, 27).

Definition A.3. The angle 6 is a principal angle for an elliptic operator D if
spec(op(x,&))N Ry =0, Vre X,VEeT;X,£#0.
Moscovici

Definition A.4. We define the solid angle L; associated with a closed interval I
of R by ‘
Ly :={pe"” : p e (0,00),0 € I}.

Definition A.5. The angle 6 is an Agmon angle for an elliptic operator D, if it
is a principal angle for D and there exists € > 0 such that

spec(D) N Lig—c g4 = 0.

We want to define the (-function and the (-regularized determinant of the
operator D. Let # be an Agmon angle for D. We assume in addition that D is
invertible. Then, there exists a ry > 0 such that

spec(D)N{z € C:|z] <2ro} =0.

We consider the contour I'p,, C C, defined as I'p,, = I'y UT'y UT's, where I'; =
{re? :oo>r>ro}, Ty ={ree®:0 <a<0—2r}, T's={re®2m .1y <r < oo}
Let D, * be the operator defined by

!

AT3H(D — A)ld,

FG,TO

where Re(z) > 0. It is a well defined bounded (pseudo)-differential operator (cf.
[Shu87, Corollary 9.2, Chapter 10]). We fix an Agmon angle 6 for D. Then, we
write D% for D, *.
Definition A.6. We define the (-function ((z, D) of an elliptic differential oper-
ator of order m > 1 by
d
((z,D) :=Tr(D%) :/ tr D7*(z,x)dx, Re(z) > —. (A.2)
b'e m

The (-function has a meromorphic continuation to the whole complex plane C
and is regular at 0 ([Shu87, Theorem 13.1]).

Definition A.7. The (-regularized determinant of D is defined by the formula

d
detg(D) := exp ( -

Gz, D)). (A3)

z=
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By formula (A.3), we can write
log dety(D) ~ —(,(0, D).

However, the logarithm log dety(D) is defined only up to a multiple of 27, while
—(;(0, D) is a well defined complex number. For that reason, whenever we write
log dety(D), we will always refer to the particular value of the logarithm such that

log dety(D) = —(4(0, D).

We assume here in addition that D has a self-adjoint symbol op(z, ),z € X, £ €
TxX,¢ # 0, with respect to a fiber metric on E. Hence, D has nice spectral
properties.

Lemma A.8. Let e be an angle such that the principal symbol op(x,&) of D, for
£ €Ty X,&#0 does not take values in Li_. .. Then, the spectrum spec(D) of the
operator D is discrete and for every e € (0, %) there exist R > 0 such that spec(D)
is contained in the set B(0, R) U Li_. 4 C C.

Proof. The discreteness of the spectrum follows from [Shu87, Theorem 8.4]. For
the second statement see [Shu87, Theorem 9.3]. O

Let A\, be an eigenvalue of D and V), be the corresponding eigenspace. This is
a finite dimensional subspace of C*°(X, E) invariant under D. We have that for
every k € N, there exist N, € N such that
(D — M\ 1d)MVy, =0

lim |\g| = oc.
k—o0

By |[Mar88| the space L?*(X, E) can be decomposed as

L*(X,E) = P Vi,

k>1

This is the generalization of the eigenspace decomposition of a self-adjoint oper-
ator. We note here that, in general, the above decomposition is not a sum of
mutually orthogonal subspaces.

Definition A.9. We call algebraic multiplicity m(\g) of the eigenvalue \; the
dimension of the corresponding eigenspace V), .

By equation (A.2), we see that for Re(z) > d/m, D~* is a trace class operator.
Then, we can employ the Lidskii’s theorem ([Sim05, Theorem 3.7]) to write the
(-function as

Gz D) =D mOw)(Aw)g™ = D m(Aw)e 50,

k=1 k=1
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Figure A.1: The discrete spectrum of the operator (Di(a))Q.

where log, A denotes the branch of the logarithm in C — Ry with 6 < Im(log, \) <
0+ 2m.

We study now the spectral properties of of the twisted Dirac operator (D)ﬁ((cr))Q.
The following lemma describes its spectrum.

Lemma A.10. Let € be an angle such that the principal symbol O(Di(a))2($,f) of
(Di(0))?, for & € TrX,€ # 0 does not take values in Li_. . Then, the spectrum
spec((D%(0))?) of the twisted Dirac operator (D(c))? is discrete and for every e
there exists R > 0 such that spec((D%(0))?) is contained in the set B(—1, R) U
L[—e,e] c C.

Proof. The discreteness of the spectrum follows from [Shu87, Theorem 8.4| and
for the second statement see [Shu87, Theorem 9.3|. O

Let 6 be an Agmon angle for the operator (D% (0))?. Then, by definition of the
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Agmon angle and Lemma A.10, there exists € > 0 such that
spec((D5(0))?) N Lp—co1 = 0.
Since (D*,(0))? has discrete spectrum, there exists also an ro > 0 such that
spec((D%(0))*)N{z € C: |z + 1| < 2ro} = 0.
We define a contour Iy, as follows.
Ty, =D U Dy UTS,
where I'y = {14+ 7e?:00 > 7 > 1y}, Ty = {1 +1ge*: 0 < a < 0 + 27},

I3 = {—1+ 72 1y <r < 0o}. On Ty, 7 runs from oo to 7o, I'y is oriented
counterclockwise, and on I's, r runs from 7y to oco.

We put
ek = [ o (DE(0))? — ATd) 'dA (A.4)
27T FQ,TO
—tDﬁXo2_i 1/2, —tX 2 -1
DE (o)e~"((Px(o)) =5 /., A2 ((Di(0))® — AId) ™ dA (A.5)
70

We have |e=*| < e7®Re(_ Furthermore by [Shu87, Corollary 9.2|, there exist a
positive constant ¢ > 0 such that ||((D%(0))*> — AId)"'|| < ¢[A|”". Hence, the
integrals in (A.4) and (A.5) are well defined.

In Section 4.3, we define the operator A% (o) acting on C*(X, E,®E, ). Since it
is induced by the twisted Bochner-Laplace operator Aﬁ’x, it is a second order ellip-
tic differential operator, which has nice spectral properties. We have the following
lemma.

Lemma A.11. Let ¢ be an angle such that the principal symbol aAgc(U)(x,ﬁ) of

Agc(a), for § € T; X, # 0 does not take values in Li_... Then, the spectrum
spec(AL (o)) of Al(o) is discrete and for every e there exists R > 0 such that
spec(AZ(0)) is contained in the set B(—=1, R)U Li_. 4 C C.

Proof. As in the proof of Lemma A.10. O

Given an Agmon angle ¢ for the operator A% (o) and ry > 0 we can consider a
contour Ty, in the same way as for the operator (D%(0))?. Then, we put

e—tAi(J) _ QL/ e_t)‘(Ai(a) — )\Id)_ld/\. (A6)
™ Jr

6,1
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I

L
NN

I's

Figure A.2: The contour I'g ., =I'y Ul UT'3.
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By [Shu87, Corollary 9.2] and the fact that |[e=*| < e7*R*(M) | the integral in equa-
tion (A.6) is well defined.

The kernel of the integral operator D§<(<j)fa_t(17§<("))2 is given by
KO (2,a') = Y KT (979) @ X(0), (A7)
vyerl

where x =T'g, 2’ =1'¢/, 9,9 € G, as in Section 5.2.
In Section 5.3, we used the asymptotic expansion of the trace of the kernel
K]*"(z,y), which is described by the following lemma.

Lemma A.12. The asymptotic expansion of the trace of the kernel KZS(J)’X(x, Y)
of the operator D;j((a)e‘“Di(U))2 is given by

tr KX (2, y) ~ior dim(Vy) (ao(2)t72 + O(*/2, 2)), (A.8)
where ag(x) is a C*®-function on X.

Proof. By [BF86, Theorem 2.4] we have that the trace of the kernel K;*“)(z,y) €
C(X, Er o) W EY (), associated to the integral operator D(0)e "P*(@) has the
asymptotic expansion

tr K7°' (2, 2) ~0r ag(z)t/? + O(#/2, 2),

where ag(x) a smooth local invariant determined by the total symbol of D(o).
Locally, the twisted Dirac operator D? (o) is described by (A.1):

D! (o) = D(0) ® Idy,,
and the symbol o ) of D! (o) for £ € T*X,£ # 0 is given by

Dt (o (x §) = (i§) @ Idw, ., ovy). -

Hence, by (A.7)
1 K2, y) ~ior dim (V) (ao()t? + O(8¥2, 2)).
O

We want to write the asymptotic expansion of the trace of the kernel H;*(x, z’)

of the integral operator e tA% (@),

HX(z,2') =) e H (g7 vg") @ x(7), (A.9)
vyel

where z = I'g, ' =1'¢’, 9,4 € G, as in Section 4.3. In Chapter 8, we used the
asymptotic expansion of the heat kernel H*(z,z).



140 APPENDIX A. SPECTRAL THEORY

Lemma A.13. The asymptotic expansion of the trace of the kernel H ™ (x,y) of

—tAY (o)

the operator e 1s given by

tr H7X (2, 2) ~por dim(V3) Y ej(a)t % (A.10)
=0
where c;(x) are C*-functions on X.
Proof. By |Gil95, Lemma 1.8.2] we have that the trace of the kernel H/ (z,y) €

C(X,E,X E?), associated to the operator e~*47 has the asymptotic expansion

cj(:c)tj’%.

M

Il
=)

tr H] (x, ) ~ o+
j

where ¢;j(x) are smooth local invariants determined by the total symbol of the A.
We recall here that the operator A, is just the Bochner-Laplace operator A, minus
the Casimir eigenvalue \,, i.e.,

A=A =\,

acting on C°(X, E;). On the other hand, locally, the twisted Bochner-Laplace
operator Aﬁﬂx is described as follows:

Al =A,®Idy, .
Hence, its symbol is given by

O-Ag.»( ({L‘,f) = (HfHQ) ® Id(V-,@Vx)za

for £ € T* X, € # 0.

Moreover, if j is an odd integer, then ¢; = 0. We mention here that we can use
the expansion in power series of the term e **(?). Then, the assertion follows from
equation (A.9). O
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The heat equation

We are interested in integral operators, and namely the heat operator e **, where

A is the Laplacian applied to smooth sections of a vector bundle over a compact
manifold X.

Let X be a compact riemannian manifold, without boundary, of dimension d.
Following [Miill12a|, we let 7 : E'— X be a Hermitian vector bundle over X with
a fiber metric h. Let (-,-) be an inner product in the space C*°(X, E) of smooth
sections of F, defined by the riemannian metric g on X and the fiber metric h, as
follows

(6.0) = /X W), d(@)dz, ¢ € C=(X, E), (B.1)

where dx := dVol(z) denotes the volume form with respect to g. Let ||| be the
norm in C*°(X, E) induced by the inner product (B.1). Let

[X(X,E) = C=(X,E) .

We denote by A a Laplace-type operator, that is an elliptic differential operator
of order 2, which is

1. formally self-adjoint: (A¢, ) = (¢, Av), V¢, € C°(X, E);
2. positive: (Ag,¢) > 0,0 € C®(X, E).

Since X is a closed manifold, we know that A : C*(X,E) — L*(X,FE) is
essentially self-adjoint, i.e. it admits a unique self adjoint extension, which we will
also denote by A. Then

A : Dom(A) — L*(X, E),

141
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where Dom(A) = H?*(X, E) is the Sobolev space of order 2.

Lemma B.1. Let A : Dom(A) — L*(X, E) be a Laplace-type operator of order 2.
Then, there exists an orthonormal base (¢;),1 € N of L*(X, E) such that

1. ¢; € Dom(A) and A¢; = N\, Vi € N

2. spec(A) = {0 < A\ < Ay < ... = 400}, and +oo is the only point of
accumulation.

Proof. This is proved in |Gil95, Lemma 1.6.3]. O

The Laplace-type operator A generates a semi-group {e*tA :t > 0}. Let
¢ € L*(X,E). The heat operator e~**¢ is defined by the spectral decomposition
by

e B¢ = Z (i, 0) i, (B.2)

where (¢;),7 € N as in Lemma B.1. The series in (B.2) converges in L*(X, E).
We consider now the initial-value problem

(2 + A)yu(t;z) =0 u®(t;-) € Dom(A)
(B.3)
limg o u?(t; 2) = ¢(x)

where ¢(z) € C*(X, E).
We want to prove that
e "R o(x) = ul(t; x),
i.e. e "®¢(x) is the unique solution of the initial value problem (B.3), for t > 0.
This is a consequence of the analytic properties of the heat operator.

—tA

Lemma B.2. The heat operator e 18 a bounded operator.

Proof. We have

7tA¢H2 Ze

Z (i, )" = llolI".

Lemma B.3. Let ¢ € Dom = H*(X, E). Then Vt >0

e o —p=— / t e 2 Agds.
0
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Proof. We have by the positivity of A and (B.2)

iy g Z‘“ 0)(61,6) ZA/ “ds(61, )
T / Z 675)\ 1¢17 ¢1d8 o / Z eiS)\i <A¢la ¢>¢1d8
=1

/ N (n, Ad)puds

=— / *SAAWS.
0
O

Theorem B.4. Let ¢(x) € H*(X, E) and let u®(t;x) == e 2 ¢(x), for t € RT.
Then, u®(t;x) is the unique solution of the heat equation (B.3).

Proof. By Lemma B.3 above we have that the function RT > t — w?(t;z) €
Dom(A) is differentiable and furthermore

%u¢(t; z) = —Ae "Pp(x) = —Au(t; 2),

tlim u?(t; ) = ¢(x).

O
Lemma B.5. For every k € N and for every t > 0 we have
Z )\?e_ﬂj < 00. (B.4)
j=1

Proof. Let A\ > 0. We define the counting function N(\; A) of the eigenvalues of
A as
NOA) = £j Ay < AL (B.5)

By a rough estimation, we can see that N(\; A) grows at most polynomially in A,
i.e., there exist C' > 0 and n € N, such that

NAA) <O+ ). (B.6)
Hence, for every ¢ > 0, we have

ZAk —W<Z > Me ‘”l<ZN@+1Az+1)’“‘““)

i=1 A <A<Aig1

<O (14 (i+1)")(i+1)re 0 < oo,

i=1
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Remark B.6. The estimate (B.6) is a rather rough estimate for the counting func-
tion N (X\; A) compared to the Weyl law, which is obtained using the the asymptotic
expansion of the heat kernel of the heat operator e **, for the elliptic operator A\,
as t — 07 ([Gil95, Lemma 1.7.4]) and the Karamata Theorem ([GV92, Theorem
2.42]). We have

rk(E) Vol(X)
(4m)4/2T(d/2 + 1)

where tk(E) denotes the rank of the vector bundle E, and I'(d/2+1) is the Gamma
function.

N\ A) = A2 L o(A?), X — oo,

Lemma B.7. For every k € N the operator AFe > is a bounded operator in
L*(X,E).

Proof. Let ¢ € L*(X,E). From the spectral resolution of A and Lemma B.5
above, it follows that

o0
IAFe 22 <y APFe2 gl < oo

=1

We obtain the following theorem.
Theorem B.8. For allt > 0, e™*2 is a smoothing operator.

Proof. Tt is sufficient to show that e ** admits an extension to a linear, bounded

operator
e ' H(X,E) — H**(X, E),

for all | € Z, and k € N. Let k € N. Then (Id +A)* is an elliptic, differential
operator of order 2k. From elliptic regularity theory, we have that there exist
positive constants C7,Cy > 0, such that for every s € R, and for every ¢ €
H?*(X,E)

Coll(Td+2)*¢lls < [|¢llze+s < [[(Id+A)"0]s. (B.7)

Let [ € Z and k € N. Using (B.6), and Lemma B.7, we get
le™ 2 llasny < Coll (I +A) e 2g]lo
< Gof|(Id+A)Fe 2 (Id +A) 8]0
< Col|(Id +A)* e~ 2| (1d +A)"¢llo
< 3¢ ]|21-

The assertion follows. O]
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Remark B.9. By Theorem B.8 we have
e "MLA(X,E)) C C®(X,E).

Hence, we get a better version of Theorem B.4, namely given ¢ € C*°(X, E), then
the function u®(t;x) == e "2 ¢(x) is a solution of the initial-valued problem (B.3),
i.e.

1. uw(t;z) € C®(RT x X, E) and (& + A)u(t;z) =0

2. limy_o+ u?(t; 1) = ¢(x).

We want to describe now the kernel H(t;z,y) of the integral operator e~*4
locally.
We observe at first that for (¢,z,y) € RT x X x X,
H(t;z,y) € Hom(E,, E,) 2 E, ® E.
By definition of the kernel we have for ¢ € L*(X, E),
e B¢ / H(t;z,y)o(y)dy. (B.8)

Theorem B.10. Lett € RY, and \; € spec(A). Let (¢;),7 € N be an orthonormal
base of L*(X, E), consisting of eigenfunctions of A. Then the kernel H(t;x,y) of
the heat operator has the following expansion

H(t:2,y) Ze% 6:(2) © 61 (1), (5.9)

The series converges in the C*°-topology.

Proof. For t > 0, let

[e.o]

try) =3 oue) @ 6100,

7j=1

Let r > 0 and let s € N such that 2s > d/2 4+ r. By the Sobolev embedding
theorem and the elliptic regularity theorem ([LM89]) we have that there exist
positive constants C, Cy > 0 such that

[|pillcr < Chll@ill2s < Ca(l[dillo + [[A%Ps]l0) = 1 + Af. (B.10)
Hence,

|H(t:zy)ller < C3Y e ™ (1+ X)) < oo

=1
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Therefore, it follows that the series in (B.9) converges in the C*°-topology, and
that H(t;x,y) is a C*>-section of £ X E*.
Furthermore, we have for ¢ € L*(X, E),

e 6(a) E}WA@,¢Z = [ fitts oty

Since the kernel of the heat operator e ** is uniquely determined, it follows that

H=H. u

—tA

Corollary B.11. For every t > 0, the operator e 1s an integral operator with

a smooth kernel H € C*(X x X,End(F)).

Proof. This follows from Theorems B.8 and B.10. O
Remark B.12. By the analytic properties of the heat operator and Remark 10 we
have

1(2 1 A) e =0
2. Vo € L*(X, E) : limy_o+ e8¢ = ¢.
3. (e7tA)r = e 1A,
Hence, the kernel H(t;x,y) of the heat operator has the following properties
1. (& +A)H(t;z,y) =0
2. Vo € L*(X, E) :limor [ H(t;2,y)(t 7, y)(y)dy = é(2).
3. H(t;z,y)* = H(t;x,y).

It can be proved that the heat kernel H(t;x,y) is uniquely determined by 1-3
([Miil12a, Proposition 1.8]). We call the heat kernel H(t;x,y) the “fundamental
solution of the heat equation”

Theorem B.13. For everyt > 0, e7*2 is a trace class operator.

Proof. Let (¢;),i € N be an orthonormal base of L?(X, E), consisting of eigenfunc-
tions of A. Since the Hilbert-Schmidt norm ||-|| s is independent of the choice of
the orthonormal base we have

o0

o0
le™5s = Y _le gl =D e ™
=1

=1
< Z Z €_t>\i < Z N(l 4 1; A)e—t(z’—H)
=1 <A< i=1

<O (14 (i+1)"e ) < oo,
i=1



147

where we used the estimate (B.6) for the counting function N(X; A). Hence, =4
is a Hilbert-Schmidt operator. By the semigroup property we have

pm2UD A A
Therefore, e~ 24 is of trace class. O

We want now to compute the trace of the heat operator. Since H(t;x,z) €
End(E,), its trace is a functional on endomorphisms, tr H(¢; z,y) : End(E,) — C.
We have by (B.9)

tr H(t;x,x) = Z e |2

=1

Integrating over X, we get

tr H(t; x, x)dx = et
[ e tsaade =3

i=1

We have

oo o0

Tr(e ) := Z(e_mgbi, ¢;) = Z et

=1 i=1

All in all, we have proved the following proposition.

Proposition B.14. Let H € C*°(X xX,End(E)) be the kernel of the heat operator
e 2. Then, for all t > 0 we have

Tr(etA):/XtrH(t;x,:c)d:c. (B.11)
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